
Contents

1 Smooth Functions on a Euclidean Space 3
1.1 C∞ Versus Analytic Functions . . . . . . . . . . . . . . . . 3
1.2 Taylor’s Theorem with Remainder . . . . . . . . . . . . . . 3

2 Tangent Vectors in Rn as Derivations 4
2.1 The Directional Derivative . . . . . . . . . . . . . . . . . . 4
2.2 Germs of Functions . . . . . . . . . . . . . . . . . . . . . . 5
2.3 Derivations at a Point . . . . . . . . . . . . . . . . . . . . . 5
2.4 Vector Fields . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.5 Vector Fields as Derivations . . . . . . . . . . . . . . . . . 7

3 Tensors 8
3.1 Dual Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . 8
3.2 Permutations . . . . . . . . . . . . . . . . . . . . . . . . . 10
3.3 Tensors as Multilinear Functions . . . . . . . . . . . . . . . 10
3.4 Permutations Acting on k-Tensors . . . . . . . . . . . . . . 11
3.5 The Tensor Product . . . . . . . . . . . . . . . . . . . . . . 13
3.6 Multi-Index Notation . . . . . . . . . . . . . . . . . . . . . 13
3.7 The Symmetrizing and Alternating Operators . . . . . . . . 15
3.8 The Wedge Product . . . . . . . . . . . . . . . . . . . . . 16
3.9 A Basis for k-Covectors . . . . . . . . . . . . . . . . . . . . 21

4 Differential Forms on Rn 22
4.1 Differential 1-Forms and the Differential of a Function . . . 22
4.2 Differential k-Forms . . . . . . . . . . . . . . . . . . . . . . 22
4.3 Differential Forms as Multilinear Functions on Vector Fields 22
4.4 The Exterior Derivative . . . . . . . . . . . . . . . . . . . . 22
4.5 Closed Forms and Exact Forms . . . . . . . . . . . . . . . . 22
4.6 Applications to Vector Calculus . . . . . . . . . . . . . . . . 22
4.7 Convention on Subscripts and Superscripts . . . . . . . . . 22

5 Manifolds 22
5.1 Topological Manifolds . . . . . . . . . . . . . . . . . . . . . 22
5.2 Differentiable Manifolds . . . . . . . . . . . . . . . . . . . . 27
5.3 Smooth Maps on a Manifold . . . . . . . . . . . . . . . . . 31

1



Michael J. Fairchild

8 The Tangent Space 32

http://www.mikef.org/ 2



Manifolds

These notes are based mainly on the textbooks by Tu [4] and Boothby
[1]. However, I frequently add my own proofs, examples, remarks, and
results.

1 Smooth Functions on a Euclidean Space

1.1 C∞ Versus Analytic Functions

Definition 1.1. Let k be a nonnegative integer and U an open subset of
Rn. A function f : U → R is said to be Ck at p if its partial derivatives
∂ j f /∂x i1 · · · ∂x ij of all orders j ≤ k exist and are continuous at p. The
function f : U → R is C∞ at p if it is Ck at p for all k ≥ 0. We say that
f is Ck (or C∞) on U if it is Ck (or C∞) at every point in U. The function
f is called real analytic at p if in some neighborhood of p it is equal to its
Taylor series at p, i.e.

f (x) = f (p)+
∑
i

∂f

∂x i
(p)(x i−pi)+

1

2!

∑
i ,j

∂2f

∂x i∂x j
(p)(x i−pi)(x j−pj)+ · · · .

Note that a real analytic function is C∞, but not conversely.

1.2 Taylor’s Theorem with Remainder

Definition 1.2. We say that a subset S of Rn is star shaped with respect
to a point p ∈ S if for every x ∈ S the line segment from p to x lies in S.

Theorem 1.3. (Taylor’s Theorem With Remainder) Let f be a C∞ func-
tion on an open subset U of Rn that is star shaped with respect to a point
p = (p1, . . . , pn) in U. Then there are C∞ functions g1(x), . . . , gn(x) on U
such that

f (x) = f (p) +

n∑
1

(x i − pi)gi(x), gi(p) =
∂f

∂x i
(p).
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2 Tangent Vectors in Rn as Derivations

2.1 The Directional Derivative

Definition 2.1. For a point p ∈ Rn, the tangent space at p, denoted Tp(Rn),
is the set of all arrows whose base is at p. We may identify these arrows
with points of Rn itself. Elements of Tp(Rn) are called tangent vectors (or
just vectors) at p in Rn. We write p = (p1, . . . , pn) for the point p in Rn,
and we write

v =

v
1

...
v n

 or v = 〈v 1, . . . , v n〉

for a vector v in Tp(Rn).

Definition 2.2. Let p ∈ Rn and suppose f is a C∞ function on a neigh-
borhood of p. The directional derivative of f in the direction of v at p is
defined to be

Dv f = lim
t→0

f (c(t))− f (p)

t
=

d
dt

∣∣∣∣
t=0

f (c(t)),

where c : R→ R is the path defined by

c(t) = p + tv = (p1 + tv 1, . . . , pn + tv n).

Although the letter p was suppressed in the notation Dv , it is understood
that the directional derivative Dv f is evaluated at the point p. Letting c i

denote the ith component function of c(t), i.e. c i(t) = pi + tv i , a simple
application of the chain rule shows that

Dv f =

n∑
1

dc i

dt
(0)

∂f

∂x i
(p) =

n∑
1

v i
∂f

∂x i
(p).

Thus we may also write Dv in operator notation as

Dv =

n∑
1

v i
∂

∂x i

∣∣∣∣
p

.
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2.2 Germs of Functions

Definition 2.3. Let p ∈ Rn and consider the set S of all pairs (f , U) where
U is a neighborhood of p and f : U → R is C∞. Define an equivalence
relation ∼ on S as follows. We say (f , U) ∼ (g, V ) iff there exists an open
set W ⊂ U ∩ V such that f = g on W . The equivalence class containing
(f , U) is called the germ of f at p. The quotient S/∼ is the set of all germs
of C∞ functions on Rn at p, and it is denoted C∞p (Rn), or just C∞p .

Note that C∞p is a vector space over R. (This requires careful definition
of addition and scalar multiplication of germs. See the homework.)

Definition 2.4. Let K be a field. An algebra over K is a vector space V
over K with a multiplication

µ : V × V → V,

denoted µ(a, b) = a × b, such that for all x, y , z ∈ V and t ∈ K we have

1. (associativity) (x × y)× z = x × (y × z),

2. (distributivity) (x+y)×z = x×z+y×z and x×(y+z) = x×y+x×z .

3. (homogeneity) t(x × y) = (tx)× y = x × (ty).

In other words, an algebra over K is a ring V that’s also a vector space over
K such that the ring multiplication operation satisfies homogeneity condition
3 above.

2.3 Derivations at a Point

Definition 2.5. Let V,W be vector spaces over the field K. A map T : V →
W is called linear (or K-linear for emphasis) if for all c ∈ K and x, y ∈ V
we have

1. T (x + y) = T (x) + T (y),

2. T (cx) = cT (x).

Equivalently, if T (cx + y) = cT (x) + T (y) for all x, y ∈ V and c ∈ K.

http://www.mikef.org/ 5
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Definition 2.6. Any linear map D : C∞p → Rn that satisfies the Leibniz rule

Dv(f g) = (Dv f )g(p) + f (p)(Dvg)

is called a derivation at p or a point derivation of C∞p . The set of all
derivations at p is denoted Dp(Rn).

Example 2.7. Directional derivatives are derivations. To see this, suppose
v ∈ Tp(Rn) and f , g are C∞ functions on a neighborhood of p. Then

Dv(f g) =

n∑
1

v i
∂(f g)

∂x i
(p)

=

(
n∑
1

v i
∂f

∂x i
(p)

)
g(p) + f (p)

(
n∑
1

v i
∂g

∂x i
(p)

)
= (Dv f )g(p) + f (p)(Dvg).

Theorem 2.8. The linear map φ : Tp(Rn)→ Dp(Rn) defined by

φ(v) = Dv =

n∑
1

v i
∂

∂x i

∣∣∣∣
p

is an isomorphism of vector spaces.

Thus if we make the identification Tp(Rn) ' Dp(Rn), the standard basis
{e1, . . . , en} of Rn becomes the standard basis {∂/∂x1|p, . . . , ∂/∂xn|p} for
Dp(Rn). Similarly, we may identify the tangent vector v = 〈v 1, . . . , v n〉 in
Tp(Rn) with the directional derivative

v =

n∑
1

v i
∂

∂x i

∣∣∣∣
p

.

2.4 Vector Fields

Definition 2.9. A vector field X on an open set U of Rn is a function that
assigns to each p ∈ Rn a tangent vector Xp in Tp(Rn). Since {∂/∂ ix |p}ni=1
serves as a basis for Dp(Rn) may write the tangent vector Xp as

Xp =

n∑
1

ai(p)
∂

∂x i

∣∣∣∣
p

.

We say that the vector field X is C∞ or smooth on U if the coefficient
functions ai are all C∞ on U.
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It is easy to check that the set of all C∞ functions on an open set U
is an algebra over R (with the natural multiplication operation (f g)(p) =

f (p)g(p)), and we will denote this algebra by C∞(U).

Definition 2.10. Let R be a commutative ring with identity. An R-module
is a set A with two binary operations, addition and scalar multiplication, such
that

1. A is an abelian group under addition,

2. For s, t ∈ R and a, b ∈ A

(a) (closure) ta ∈ A.
(b) (identity) If 1 is the multiplicative identity in R then 1a = a.

(c) (associativity) (st)a = s(ta).

(d) (distributivity) (s + t)a = sa + ta and s(a + b) = sa + sb.

Note that if R is a field than an R-module is just a vector space over R.

Lemma 2.11. Let U be open in Rn, and let X(U) denote the set of all C∞

vector fields over U. Then X(U) is a module over C∞(U).

2.5 Vector Fields as Derivations

Let U be open in Rn. For X ∈ X(U) and f ∈ C∞(U) define Xf by

(Xf )(p) = Xpf .

Since Xp =
∑n
1 a

i(p) ∂
∂x i

∣∣
p
we have

(Xf )(p) = Xpf =

n∑
1

ai(p)
∂f

∂x i
(p).

Thus Xf is the function that at any point p returns the directional derivative
of f in the direction of the tangent vector that X returns at p.

Definition 2.12. Let A be an algebra over a field K. A K-linear map D :

A→ A is called a derivation iff for all a, b ∈ A it satisfies the Leibniz rule

D(ab) = (Da)b + a(Db).

The set of all derivations of A is denoted Der(A).
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The reader should ponder for a moment the difference between deriva-
tions at p and derivations of the algebra C∞p . The former is a map from C∞p
into R whereas the latter is a map from C∞p to C∞p .

Lemma 2.13. Der(A) is a vector space over K.

Proposition 2.14. Let U be open in Rn. If X ∈ X(U) and f ∈ C∞(U) then
the map f 7→ Xf is R-linear, and X(f g) satisfies the Leibniz rule

X(f g) = (Xf )g + f (Xg).

Thus the map φ : X(U)→ Der(C∞(U)) : X 7→ (f 7→ Xf ) is a derivation of
the algebra C∞(U).

3 Tensors

3.1 Dual Spaces

Definition 3.1. Let V and W be vector spaces over a field F. A function
f : V → W is said to be linear if f (u + v) = f (u) + f (v) for all u, v ∈ V
and if f (λv) = λf (v) for all λ ∈ F. We denote by Hom(V,W ) the vector
space of all linear functions f : V → W . We define the dual space of V by
V ? = Hom(V,F). 4

Definition 3.2. Let V be a vector space with basis e1, . . . , en. For any
i = 1, . . . , n, define the function αi by αi(v) = v i , where v =

∑n
1 v

iei .
This is well-defined because each v ∈ V has a unique representation as a
linear combination of vectors in the basis e1, . . . , en. We call α1, . . . , αn the
coordinate functions on V relative to the basis e1, . . . , en. 4

Proposition 3.3. Let V be a vector space with basis e1, . . . , en. The coor-
dinate functions α1, . . . , αn relative to e1, . . . , en form a basis for the dual
space V ?.

Proof. Let f0 denote the zero element of V ?, i.e. f0(v) = 0 for all v ∈ V .
Suppose there are constants c1, . . . , cn such that f0 =

∑n
1 ciα

i . Then for
any j = 1, . . . , n we have

0 = f0(ej) = (

n∑
1

ciα
i)(ej) =

n∑
1

ciα
i(ej) =

n∑
1

δij = cj .
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Hence the coordinate functions α1, . . . , αn are linearly independent. Now
let f ∈ V ?. For any v ∈ V , write v =

∑n
1 v

iei . By linearity of f , we have

f (v) = f (

n∑
1

v iei) =

n∑
1

v i f (ei) =

n∑
1

f (ei)α
i(v).

Since this is true for arbitrary v ∈ V , we have f =
∑n
1 f (ei)α

i . That is,
any f ∈ V ? can be expressed as a combination of the coordinate functions
α1, . . . , αn, so the coordinate functions span V ?.

Definition 3.4. With notation as in Proposition 3.3, we say that α1, . . . , αn

is the basis for V ? that is dual to the basis e1, . . . , en of V . (Informally, the
dual basis consists of the coordinate functions.)

Corollary 3.5. If V is finite dimensional, then V and V ? have the same
dimension.

Theorem 3.6. A collection of linear functions f 1, . . . , f n : V → R is the
basis of V ? dual to the basis e1, . . . , en of V if and only if f i(ej) = δij . (That
is, the dual basis is characterized by the Kronecker delta property.)

Proof.
(⇒) Note that ej has the unique representation ej =

∑
i v

iei where
v i = 0 for i 6= j and v j = 1. Since f 1, . . . , f n is the basis of V ? dual to
the basis e1, . . . , en in V , then f i are the coordinate functions relative to
e1, . . . , en. Hence f i(ej) = δij .

(⇐) Let v ∈ V and write v =
∑

i v
iei . Then for i = 1, . . . , n, we have

f i(v) = f i(
∑
j

v jej) =
∑
j

v j f i(ej) =
∑
j

v jδij = v i .

Thus the functions f 1, . . . , f n are the coordinate functions relative to e1, . . . , en.
Hence they form the basis of V ? dual to the basis e1, . . . , en of V .

Proposition 3.7. Let V,W be vector spaces, and let e1, . . . , en be a basis
for V . Suppose f , g : V → W and f (ei) = g(ei) for all ei . Then f = g.

Proof. Let v ∈ V and write v =
∑

i v
iei . Using linearity of f and g,

f (v) = f (
∑
i

v iei) =
∑
i

v i f (ei) =
∑
i

v ig(ei) = g(
∑
i

v iei) = g(v).

Proposition 3.7 says that a linear function on a vector space is completely
determined by its action on a basis.

http://www.mikef.org/ 9
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3.2 Permutations

Definition 3.8. A permutation on the set A = {1, 2, . . . , k} is a bijection
σ : A→ A. The product τσ of two permutations τ and σ is the composition
τ ◦ σ : A → A. The cyclic permutation (a1 a2 · · · ar) is the permutation
σ such that σ(a1) = a2, σ(a2) = a3, . . . , σ(ar−1) = ar , σ(ar) = a1, and
such that σ leaves all othere elements of A unchanged. The permutation
(a1 a2 · · · ar) is called a cycle of length r or an r -cycle. A transposition is a
cycle of the form (a b) that swaps a and b, leaving all other elements of A
fixed. An inversion in a permutation σ is an ordered pair (σ(i), σ(j)) such
that i < j but σ(i) > σ(j).

Proposition 3.9. Let σ be a permutation. Then σ can be written as a
product of disjoint cycles. Furthermore, σ can be written as a product
of transpositions, and any two such representations of σ as a product of
transpositions either both consist of an odd number of transpositions, or
both consist of an even number of transpositions.

Definition 3.10. The sign of a permutation σ, denoted sgn(σ), is +1 or
−1 depending as to whether σ can be written as an even or odd number of
transpositions. This is well-defined by Proposition 3.9.

Theorem 3.11.
1. The set of all permutations on a set forms a group with the operation

of function composition. We denote by Sk the group of all permuta-
tions on {1, 2, . . . , k}.

2. A permutation is even (odd) if and only if it has an even (odd) number
of inversions. In fact, sgn(σ) = (−1)# of inversions in σ.

3. For any two permutations σ and τ , we have sgn(στ) = sgn(σ)sgn(τ).

3.3 Tensors as Multilinear Functions

Definition 3.12. Let V be a vector space over the field F and k a positive
integer. A k-tensor (or k-linear function) on V is a map f : V k → R that is
linear in each variable separately, i.e.

f (. . . , au + bv, . . .) = af (. . . , u, . . .) + bf (. . . , v , . . .)

http://www.mikef.org/ 10
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for any scalars a, b ∈ F. We call k the degree of f . If f has degree 1, 2, or 3,
we may also refer to it as a linear, bilinear, or trilinear function, respectively.
The vector space of all k-tensors on V is denoted Lk(V ). 4

Remark 3.13. The domain of a k-tensor is V k , but for simplicitly we just re-
fer to a k-tensor on V . We could increase clarity (at the cost of redundancy)
by referring to a k-tensor on V k .

3.4 Permutations Acting on k-Tensors

Definition 3.14. Given a k-tensor f on V and a permutation σ ∈ Sk we
define the k-tensor σf on V by

(σf )(v1, . . . , vk) = f (vσ(1), . . . , vσ(k)).

A k-tensor f is called symmetric if σf = f for all σ ∈ Sk , and it is called
alternating if σf = (sgnσ)f , where sgnσ is the sign of the permutation σ.
Let Sk(V ) denote the set of all symmetric k-tensors on V and Ak(V ) denote
the set of all alternating k-tensors on V . We also refer to the elements of
Ak(V ) as k-covectors or multicovectors on V . For k = 0 we define a 0-
covector to be a constant, so that A0(V ) = R. A 1-covector is simply called
a covector. 4

Note: The only permutation in S1 is the identity permutation, which
has sign +1. Hence all linear functions (i.e. 1-tensors) are alternating, and
L1(V ) = A1(V ) = V ?.

Example 3.15.

1. Let V = R3 and k = 2. The ordinary Euclidean inner product function
〈v , w〉 =

∑3
1 v

iw i is a symmetric 2-tensor on V . Indeed,

〈au + bv, w〉 =

3∑
1

(au i+bv i)w i = a

3∑
1

u iw i+b

3∑
1

v iw i = a 〈u, w〉+b 〈v , w〉 .

Similarly, we can see that 〈u, av + bw〉 = a 〈u, v〉 + b 〈u, w〉. Thus
〈·, ·〉 is a 2-tensor on V . Now let σ be the transposition (1 2) in S2.
Then σ 〈·, ·〉 (v , w) = 〈w, v〉. Thus it is symmetric.

2. Let V be a vector space of dimension n over R. The determinant
function det : V n → R is an alternating n-tensor on V n. 4

http://www.mikef.org/ 11
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Definition 3.16. If G is a group and X is a set, a map

G ×X → X : (σ, x) 7→ σ · x

is called a left group action (or just left action) of G on X if for any σ, τ ∈ G
and x ∈ X we have

1. 1 · x = x where 1 is the identity in G, and

2. τ · (σ · x) = (τσ) · x .

A right group action (or just right action) is defined similarly.

Proposition 3.17. The map Sk × Lk(V ) → Lk(V ) : (σ, f ) 7→ σf is a left
group action on V . Moreover, it is linear in f . That is, σ(af + bg) =

aσf + bσg.

Proof. Let e ∈ Sk be the identity permtuation. Then e(i) = i for all indices
i , so

(ef )(v1, . . . , vk) = f (ve(1), . . . , ve(k)) = f (v1, . . . , vk).

Hence ef = f . Now let σ, τ ∈ Sk . Then

σ(τf ) = (τf )(vσ(1), . . . , vσ(k))

= (τf )(w1, . . . , wk) (wi := vσ(i))

= f (wτ(1), . . . , wτ(k))

= f (vσ(τ(1)), . . . , vσ(τ(k)))

= (στ)f .

To establish the linearity, let a, b be scalars and f , g ∈ Lk(V ). Then

(σ(af + bg))(v1, . . . , vk) = (af + bg)(vσ(1), . . . , vσ(k))

= af (vσ(1), . . . , vσ(k)) + bg(vσ(1), . . . , vσ(k))

= a(σf )(v1, . . . , vk) + b(σg)(v1, . . . , vk).

Hence σ(af + bg) = aσf + bσg.

http://www.mikef.org/ 12
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3.5 The Tensor Product

Definition 3.18. Given a k-tensor f and an `-tensor g on V , define their
tensor product to be the k + `-tensor f ⊗ g given by

(f ⊗ g)(v1, . . . , vk , vk+1, . . . , vk+`) = f (v1, . . . , vk)g(vk+1, . . . , vk+`).

4

Example 3.19. Let V = Rn. Define f ∈ L2(V ) by f (u, v) = u + 3v and
define g ∈ L3(V ) by g(u, v , w) = 2u − v + 4w . Then

(f ⊗ g)(v , w, x, y , z) = f (v , w)g(x, y , z) = (u + 3v)(2x − y + 4z).

4

Example 3.20. Let V = Rn. Let αi for i = 1, 2, . . . , n denote the coordinate
functions. That is, for any v = (v 1, . . . , v n) ∈ V , we have αi(v) = v i . We
may express the Euclidean inner product as a tensor product as follows.

〈u, v〉 =

n∑
1

u iv i =

n∑
1

αi(v)αi(w) =

n∑
1

(αi ⊗ αi)(v , w).

Thus

〈·, ·〉 =

n∑
1

αi ⊗ αi .

4

Proposition 3.21. The tensor product is associative. That is, if f , g, h are
tensors on V , then

f ⊗ (g ⊗ h) = (f ⊗ g)⊗ h.

3.6 Multi-Index Notation

Definition 3.22. Let A be an indexing set. A length k multi-index over A
is an ordered list of length k with entries from A. Two multi-indices I and
J are said to be equal if they are equal as ordered lists (i.e. they have the
same length and the same entries in the same order). If I = (i1, . . . , ik),
we say that I has repeats if ij = i` for some j 6= `, and we say that I is

http://www.mikef.org/ 13
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ascending if i1 < · · · < ik . (Thus an ascending multi-index has no repeats.)
If I = (i1, . . . , ik) and σ ∈ Sk then we define σI = (iσ(1), . . . , iσ(k)). When
the indexing set is obvious we do not specify it explicitly. 4

Example 3.23. Suppose e1, . . . , e7 are vectors in a vector space V . Then
I = (2, 3, 5), J = (6, 4, 7), and K = (1, 1, 1) are each length 3 multi-indices
over the indexing set A = {1, . . . , 7}. Note that I is ascending whereas J
and K are not. In this context, the indexing set A = {1, . . . , 7} is obvious,
and we would not normally specify it explicitly. If σ is the permutation
(2 1 3) ∈ S3 then σJ = (4, 6, 7). 4

Proposition 3.24. Let e1, . . . , en be a basis of the vector space V , and
let α1, . . . , αn be the corresponding dual basis of V ?. For a multi-index
I = (i1, . . . , ik), temporarily define1 the notation αI = αi1 ⊗ · · · ⊗ αik and
eI = (ei1, . . . , eik ).

1. If I and J are two multi-indices of length k , then αI(eJ) = δIJ.

2. Let A be the set of all tensor products αI as I runs over all multi-indices
of length k . Then A is a basis for Lk(V ).

Proof.

1. Let I = (i1, . . . , ik) and J = (j1, . . . , jk). Then

αI(eJ) = (αi1⊗· · ·⊗αik )(ej1, . . . , ejk ) = αi1(ej1) · · ·αik (ejk ) = δi1j1 · · · δ
ik
jk

= δIJ,

where the third equality followed by Theorem 3.6. The last equality
follows because δi1j1 · · · δ

ik
jk
equals 1 if and only if it = jt for all t =

1, . . . , k and equals zero otherwise.

2. Let M be the set of all multi-indices of length k over {1, . . . , n}. Let
f0 be the zero element of Lk(V ). That is, f0(v1, . . . , vk) = 0 for any
v1, . . . , vk in V . Now suppose

∑
I∈M cIα

I = f0, for constants cI ∈ R
(thus the sum has nk terms in it). For any J ∈ M we have

0 = f0(eJ) = (
∑
I∈M

cIα
I)(eJ) =

∑
I∈M

cIα
I(eJ) =

∑
I∈M

cIδ
I
J = cI,

where the next to last equality followed by part 1. Thus the set A is
linearly independent. Now let f ∈ Lk(V ). By analogy with the proof

1We will redefine this notation later in a slightly different way.
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of Proposition 3.3, we make the ansatz f =
∑

I∈M f (eI)α
I. For any

J ∈ M we have

(
∑
I∈M

f (eI)α
I)(eJ) =

∑
I∈M

f (eI)α
I(eJ) =

∑
I∈M

f (eI)δ
I
J = f (eJ).

Thus the function
∑

I∈M f (eI)α
I agrees with the function f on eJ for

all J ∈ M. Since {eJ : J ∈ M} is a basis for V × · · · × V (k factors),
Proposition 3.7 implies that f =

∑
I∈M f (eI)α

I. Thus A spans Lk(V ).

Corollary 3.25. If V has dimension n, then Lk(V ) has dimension nk .

3.7 The Symmetrizing and Alternating Operators

Given any k-tensor on a vector space V , there is a standard way of obtaining
a symmetric or alternating k-tensor from it. We introduce the symmetrizing
and alternating operators to achieve this.

Theorem 3.26. For any f ∈ Lk(V ), define Sf and Af by

Sf =
∑
σ∈Sk

σf ,

Af =
∑
σ∈Sk

(sgnσ)σf .

Then Sf ∈ Sk(V ) and Af ∈ Ak(V ). We call the map S : Lk(V ) → Sk(V )

the symmetrizing operator and the map A : Lk(V )→ Ak(V ) the alternating
operator.

Proof. We will need the following lemma twice in our proof: For any fixed
τ ∈ Sk , the map f : Sk → Sk : σ 7→ τσ is a bijection. This follows from the
group properties of Sk . To wit, let σ ∈ Sk . Then f (τ−1σ) = τ(τ−1σ) = σ,
so f is surjective. If f (σi) = f (σj) then τσi = τσj , so multiplying through
by τ−1 we obtain σi = σj . Thus f is injective, and hence bijective.

Now let f ∈ Lk(V ) and consider Sf =
∑

σ∈Sk σf . We must show that
τ(Sf ) = Sf for any τ ∈ Sk . But

τ(Sf ) = τ
∑
σ∈Sk

σf =
∑
σ∈Sk

τ(σf ) =
∑
σ∈Sk

(τσ)f =
∑
ν∈Sk

νf = Sf ,
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where the third equality followed by Proposition 3.17, and the fourth propo-
sition followed from the lemma. Hence Sf is indeed symmetric.

Finally, consider Af =
∑

σ∈Sk (sgnσ)σf . We need to show that τ(Af ) =

(sgn τ)(Af ) for any τ ∈ Sk . But

τ(Af ) = τ
∑
σ∈Sk

(sgnσ)σf =
∑
σ∈Sk

(sgnσ) τσf = (sgn τ)
∑
σ∈Sk

(sgn τ) (sgnσ) τσf

= (sgn τ)
∑
σ∈Sk

(sgn (τσ))τσf = (sgn τ)
∑
ν∈Sk

(sgn ν) νf = (sgn τ) (Af ),

where in going to the third equality I multipled by (sgn τ) (sgn τ) = 1. In
going to the fourth equality I used the fact that (sgn τ) (sgnσ) = (sgn τσ),
in going to the fifth equality I used the lemma. Hence Af is indeed alter-
nating.

3.8 The Wedge Product

Given an alternating k-tensor and an alternating `-tensor g, we would like
to form their product in a way that results in an alternating k + `-tensor.
This is accomplished by the wedge product.

Definition 3.27. Let f ∈ Ak(V ), g ∈ A`(V ). Define their wedge product as
follows.

f ∧ g =
1

k!`!
A(f ⊗ g).

Written out explicitly, this becomes

(f ∧ g)(v1, . . . , vk , vk+1, . . . , vk+`)

=
1

k!`!

∑
σ∈Sk+`

(sgnσ)f (vσ(1), . . . , vσ(k))g(vσ(k+1), . . . , vσ(k+`)).

4

Remark 3.28. At first glance, the restriction that f and g be alternating
seems unnecessary, since 1

k!`!
A(f ⊗ g) is alternating whether or not f and g

are. However, without the stipulation that f and g are alternating, some of
the nice properties of the wedge product that we need later would no longer
hold true.

The 1
k!`!

factor preceding the sum accounts for repeated values. For
example, let σ1, . . . , σk! be the k! permutations in Sk+` that permute the
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indices 1, . . . , k while leaving the indices k + 1, . . . , k + ` fixed. If we view
these special permutations as members of Sk and note that (sgnσ)σf =

(sgnσ)(sgnσ)f = f (since f is alternating), it follows that σ1f , . . . , σk!f
each contribute the same value to the sum when evaluated on (v1, . . . , vk).
Thus we divide the sum by k! in the definition. Similarly with the 1

`!
factor.

Finally, note that calculating the wedge product directly from the defini-
tion, even for small examples, is cumbersome to say the least. For example,
if f and g are both 2-tensors on a vector space V , then computing their
wedge product involves summing over permutations from S2+2 = S4. Since
|S4| = 4! = 24, there are 24 terms in the sum! However, we can greatly
simplify matters by introducing (k, `)-shuffles.

Definition 3.29. A permutation σ ∈ Sk+` is called a (k, `)-shuffle if

σ(1) < · · · < σ(k) and σ(k + 1) < · · · < σ(k + `).

We may similarly define (k1, k2, . . . , kn)-shuffles in Sk1+k2+···+kn . 4

Remark 3.30. Note that no stipulation is made about the relationship be-
tween σ(k) and σ(k + 1). (Indeed, if we required σ(k) < σ(k + 1) then the
only (k, `)-shuffle would be the identity permutation. Think about it.) Also
note that the set of all (1, 1)-shuffles in S2 is just S2 itself, the set of all
(1, 1, 1)-shuffles in S3 is just S3 itself, etc. Part 4 of the Proposition 3.31
tells us how to use (k, `)-shuffles to evaluate the wedge product.

Proposition 3.31 (Properties of the wedge product). The wedge product
has the following properties:

1. It is anti-commutative in the sense that if f ∈ Ak(V ), g ∈ A`(V ), then
f ∧ g = (−1)k`g ∧ f .

2. If f ∈ Ak(V ) and k is odd, then f ∧ f = 0.

3. It is associative, i.e. f ∧ (g ∧ h) = (f ∧ g) ∧ h.

4. If f ∈ Ak(V ) and g ∈ A`(V ), then

(f ∧ g)(v1, . . . , vk , vk+1, . . . , vk+`)

=
∑

(k,`)-shuffles
σ

(sgnσ)f (vσ(1), . . . , vσ(k))g(vσ(k+1), . . . , vσ(k+`))
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5. Let f i ∈ Aki (V ) for i = 1, . . . , r . Then

f 1 ∧ · · · ∧ f r =
1

k1! · · · kr !
A(f 1 ⊗ · · · ⊗ f r).

6. If f 1, . . . , f k ∈ L1(V ) and v1, . . . , vk ∈ V , then

(f 1 ∧ · · · ∧ f k)(v1, . . . , vk) = det[f i(vj)],

where [f i(vj)] denotes the matrix whose (i , j)-entry is f i(vj).

Definition 3.32. We call the matrix in part 6 of Proposition 3.31 the wedge
product matrix associated with f 1, . . . , f k and v1, . . . , vk . We typically de-
note this matrix by Λ(α1, . . . , αk , v1, . . . , vk), or just Λ. 4

Example 3.33. Let f ∈ A2(V ) and g ∈ A2(V ). Using (2, 2)-shuffles in S4
and property 4 of the preceding proposition, we have

(f ∧ g)(v1,v2, v3, v4)

= f (v1, v2)g(v3, v4)− f (v1, v3)g(v2, v4)− f (v1, v4)g(v2, v3)

+ f (v2, v3)g(v1, v4)− f (v2, v4)g(v1, v3) + f (v3, v4)g(v1, v2).

4

Remark 3.34. For wedge products of 1-tensors, the determinant method
applies (part 6 of proposition 3.31), and it is even easier than using shuffles.
The reason is because calculating determinants is a mechanical process that
requires little mental thought, and it forces us to keep our work organized
in neat rows and columns. On the other hand, calcualting wedge products
either from the definition or by using shuffles requires us to form a list of
permutations and determine their signs, something that’s not easy to do
mentally and is prone to sign errors.

Example 3.35. Let V be a vector space, v1, . . . , v5 be vectors in V , and
f 1, . . . , f 5 be linear functions on V . Consider the multi-indices I = (1, 2),
J = (2, 2), K = (4, 1, 5), and L = (1, 3, 2). Using part 6 of Proposition
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3.31 we get

f I(vI) = (f 1 ∧ f 2)(v1, v2) = det

[
f 1(v1) f 1(v2)

f 2(v1) f 2(v2)

]
f J(vI) = (f 2 ∧ f 2)(v1, v2) = det

[
f 2(v1) f 2(v2)

f 2(v1) f 2(v2)

]

f K(vL) = (f 4 ∧ f 1 ∧ f 5)(v1, v3, v2) = det

f 4(v1) f 4(v3) f 4(v2)

f 1(v1) f 1(v3) f 1(v2)

f 5(v1) f 5(v3) f 5(v2)

 .
To see the superiority of the determinant method for wedge products of 1-
tensors, consider expanding f K(vL) using (1, 1, 1)-shuffles on S1+1+1 = S3
instead of determinants. You’ll quickly see the determinant method is better
for hand calculations. 4

Definition 3.36. Let V be a vector space, e1, . . . , en be vectors in V , and
α1, . . . , αn be 1-tensors (i.e. linear functions) on V . Let I = (i1, . . . , ik)

and J = (j1, . . . , jk) be length k multi-indices over {1, . . . , n}. Define the
symbols αI, eJ, and αI(eJ) by

αI = αi1 ∧ · · · ∧ αik

eJ = (ej1, . . . , ejk )

αI(eJ) = (αi1 ∧ . . . ∧ αik )(ej1, . . . , ejk ).

4

Note: Recall that L1(V ) = A1(V ) = V ?. Thus α1, . . . , αk are alternat-
ing, and it makes sense to form their wedge product.

Proposition 3.37. Let V be a vector space with basis e1, . . . , en. Let
α1, . . . , αn be the basis for V ? dual to the basis e1, . . . , en of V . Sup-
pose I = (i1, . . . , ik) and J = (j1, . . . , jk) are two length k multi-indices over
{1, . . . , n}. Then

1. αI(eJ) = 0 if I has any repeats.

2. αI(eJ) = 0 if k > n.

Assuming that I has no repeats and k ≤ n, then

3. αI(eI) = 1.
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4. We have the following Kronecker delta like property:

αI(eJ) =

{
sgnσ, if I = σJ for some σ ∈ Sk
0, otherwise.

.

5. If I and J are ascending multi-indices, then we have the full Kronecker
delta property, namely

αI(eJ) = δIJ =

{
1, I = J

0, I 6= J
.

Proof.

1. Since I has repeats, at least two rows of the associated wedge product
matrix Λ are the same. Hence αI(eJ) = det Λ = 0.

2. If k > n then I must have repeats (pigeonhole principle). Apply part
1.

3. Since α1, . . . , αn is the basis for V ? dual to the basis e1, . . . , en of V ,
then Theorem 3.6 implies αir (ejs ) = δirjs for any 1 ≤ r, s ≤ k . Thus
the wedge product matrix Λ associated to αI(eI) is the k × k identity
matrix. Hence αI(eI) = det Λ = 1.

4. If I = σJ for some σ ∈ Sk , then since αI = αi1 ∧ · · · ∧ αik is an
alternating k-tensor, Definition 3.14 gives

sgnσ · [αI(eJ)] = (σαI)(eJ) = αI(eσJ) = αI(eI) = 1,

where we used part 3 in the last equality. Thus αI(eJ) = 1
sgnσ = sgnσ

(since sgnσ = ±1). On the other hand, if I 6= σJ for any σ ∈ Sk , then
since I has no repeats it follows that there is an index iw in I \J. Then
αiw (ejs ) = δiwjs = 0 for all 1 ≤ s ≤ k . So the w th row of the associated
wedge product matrix Λ is a zero row, whence αI(eJ) = det Λ = 0.

5. If I = J then apply part 3 of this proposition. If I 6= J, then since
I and J are both ascending it follows there is no σ ∈ Sk such that
I = σJ. Apply part 4.

http://www.mikef.org/ 20



Manifolds

Example 3.38. To see parts 3 and 4 of Proposition 3.37 in action, let
α1, . . . , α5 be the basis of V ? dual to the basis e1, . . . , e5 of the vector
space V . Let I = (2, 3, 1), J = (3, 2, 1), and K = (2, 3, 4). Notice that
I = σJ where σ is the permutation (2 1 3) (with sign −1) in S3, and
that I 6= σK for any σ ∈ S3. Thus by Proposition 3.37, we expect that
αI(eI) = 1, αI(eJ) = sgnσ = −1, and αI(eK) = 0. Indeed, we have

αI(eI) = det

α2(e2) α2(e3) α2(e1)

α3(e2) α3(e3) α3(e1)

α1(e2) α1(e3) α1(e1)

 = det

1 0 0

0 1 0

0 0 1

 = 1,

αI(eJ) = det

α2(e3) α2(e2) α2(e1)

α3(e3) α3(e2) α3(e1)

α1(e3) α1(e2) α1(e1)

 = det

0 1 0

1 0 0

0 0 1

 = −1,

and

αI(eK) = det

α2(e2) α2(e3) α2(e4)

α3(e2) α3(e3) α3(e4)

α1(e2) α1(e3) α1(e4)

 = det

1 0 0

0 1 0

0 0 0

 = 0.

3.9 A Basis for k-Covectors

Proposition 3.39. Let e1, . . . , en be a basis for the vector space V , and let
α1, . . . , αn be the basis of V ? dual to the basis e1, . . . , en of V . Let Ik denote
the set of all ascending length k multi-indices over {1, . . . , n}. Then the set
{αI : I ∈ Mk} forms a basis for the vector space Ak(V ) of all alternating
k-tensors on V .

Corollary 3.40. If V has dimension n, the dimension of Ak(V ) is
(
n
k

)
.

The reader should take a moment to contrast Proposition 3.39 and its
corollary with Proposition 3.24 and its corollary.
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4 Differential Forms on Rn

4.1 Differential 1-Forms and the Differential of a Function

4.2 Differential k-Forms

4.3 Differential Forms as Multilinear Functions on Vector
Fields

4.4 The Exterior Derivative

4.5 Closed Forms and Exact Forms

4.6 Applications to Vector Calculus

Ω0(U)
d

- Ω1(U)
d

- Ω2(U)
d

- Ω3(U)

C∞(U)

'

?

grad
- X(U)

'

?

curl
- X(U)

'

?

div
- C∞(U)

'

?

4.7 Convention on Subscripts and Superscripts

5 Manifolds

5.1 Topological Manifolds

Definition 5.1. A topological space (M,T) is said to be locally Euclidean
of dimension n if to each p ∈ M there is a neighborhood U of p that is
homemorphic to an open subset of Rn. Where the underlying topology T is
understood or not important, we will denote the space simply by M.

Theorem 5.2. (Brouwer’s Theorem on Invariance of Domain) If U is an
open subset of Rn and f : U → Rn is an injective continuous map, then
V = f (U) is open and f is a homeomorphism between U and V .

It follows from Brouwer’s theorem that an open set U in Rn cannot be
homeomorphic to an open set V in Rm whenever n 6= m (verify!). Thus in
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the definition of locally Euclidean, the integer n is uniquely determined by
the topological space under consideration.

Definition 5.3. Given a topological space M, a coordinate chart (or just
chart) onM is a pair (U, φ), where U is open inM and φ is a homeomorphism
from U onto an open subset of Rn. In this context, we call U a coordinate
neighborhood and φ a coordinate map on U, and for a point p ∈ M we say
that the chart (U, φ) contains p if p ∈ U.

Definition 5.4. A topological n-manifold is a topological space M such that

1. M is Hausdorff.

2. M is second countable.

3. M is locally Euclidean of dimension n.

More briefly, a topological n-manifold is a second countable Hausdorff space
that is locally Euclidean of dimension n.

The reader should note that some authors do not include the second
countability condition on a topological manifold. When second countability
is not assumed, some of the results we derive will no longer hold. For
example, a locally Euclidean Hausdorff space need not be paracompact, in
contrast to part 5 of Proposition 5.6 below.

Example 5.5. The space Rn with its usual (metric) topology is a topological
manifold. Properties 1 and 2 of the definition are clearly satisfied with the
metric topology. To see that Rn is locally Euclidean, let p ∈ Rn and let U
be the open ball of radius 1 about p. Let φ : U → U be the identity map on
U. Then (U, φ) is φ is a homeomorphism from U to an open subset of Rn,
namely U itself! Thus Rn is a topological manifold.

Proposition 5.6. (Properties of topological n-manifolds.) Let M be a
topological n-manifold. Then:

1. M is locally path connected, hence locally connected.

2. The components of M are the same as its path components. Thus we
may just speak of the components of M, and M is connected if and
only if it is path connected.
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3. The components of M are clopen (i.e. open and closed) and are
countable in number.

4. M is locally compact.

5. M is paracompact.

6. M is normal.

7. M is metrizable.

8. If M is compact, then M can be embedded in RN for some integer N.

Proof.
1. We must show that for every p ∈ M and neighborhood U of p there

exists a path connected neighborhood U ′ of p with U ′ ⊂ U. Let p ∈ M.
Then there is a neighborhood U of p, an open ball V in Rn, and a
homeomorphism φ from U onto V . The open ball V = φ(U) is path
connected in Rn. Since φ is a homeomorphism, φ−1 is continuous.
Hence U = φ−1(φ(U)) = φ−1(V ) is path connected in M since the
continuous image of a path connected set is path connected. With
U ′ = U, we see that M is locally path connected (and hence locally
connected).

2. See Theorem 25.5 in Munkres [3].

3. Let C be a component ofM and p ∈ C. SinceM is locally connected by
part 1 of this theorem, there is a connected neighborhood U containing
p. Since U is connected, either U ⊂ C or U ∩ C = ∅. The latter is
impossible because both U and C contain p. Hence U ⊂ C and so
C is open. Next, since C is connected it follows by Theorem 23.4 in
Munkres [3] that C is connected as well. By Theorem 25.1 in Munkres
[3], it follows that C ⊂ C. Hence C is closed.

4. See Corollary 1.7 of Lee [2].

5. Actually, all second countable locally compact Hausdorff spaces are
paracompact. This is a good exercise.

6. Since M is both Hausdorff and paracompact, it is normal by Theorem
41.1 in Munkres [3].
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7. Since M is normal it is regular. It is also second countable. By
Urysohn’s metrization theorem (Theorem 34.1 in Munkres [3]), M
is metrizable.

8. The proof is somewhat involved and uses a partition of unity argument.
See Theorem 36.2 in Munkres [3].

Sometimes we want to show that a given topological space is not a
topological manifold. The following proposition can be useful in this regard.

Proposition 5.7. A topological space M is locally Euclidean of dimension n
if and only if to every point p ∈ M and every open ball B in Rn there is a
neighborhood U of p and a homeomorphism φ from U onto B.

Proof. Let p ∈ M. SinceM is locally Euclidean, there exists a neighborhood
U of p and a homeomorphism φ from U onto an open subset V of Rn, with
φ(p) ∈ V . Since V is open, there is a ball B′ centered at φ(p) such that
B′ ⊂ V . Since φ : U → V is a homeomorphism, φ−1 is continuous and
φ−1(B′) ⊂ U. Thus if we let ψ be the restriction of φ to φ−1(B′), i.e.
ψ = φ−1|B′, then ψ serves as a homeomorphism from the neighborhood
φ−1(B′) of p onto the open ball B′ of Rn. Since translations and dilations of
Rn are homeomorphisms, it follows that we may compose ψ with translations
and dilations so that B′ is homeomorphic to B. The converse is obvious.

In using the preceding proposition, it is often useful to let B be the unit
ball centered at φ(p) or centered at 0.

Example 5.8. Let M be the cross depicted in Figure 5.1, equipped with the
subspace topology on R2. Let p denote the center of the cross.

If M is locally Euclidean of dimension n at p, then there exists a neigh-
borhood U of p and a homeomorphism φ from U onto the open ball in Rn

of radius 1 centered at φ(p). Now, φ restricts to a homeomorphism from
M \ {p} onto B \ {φ(p)}. But M \ {p} has four connected components,
whereas B \ {φ(p)} has either one or two according as to whether n ≥ 2

or n = 1, respectively. This is a contradiction. Thus M cannot be locally
Euclidean at p, and so it is not a topological manifold.

In the same way, one can see that a sphere with hair is not a manifold.
See Figure 5.2.
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Figure 5.1: The cross is not a manifold.

Figure 5.2: A sphere with hair is not a manifold.

Theorem 5.9. An open subset of a topological manifold is itself a topologial
manifold when given the subspace topology.

Proof. Let M be a topological manifold and U ⊂ M be open. Equip U
with the subspace topology. The property of being Hausdorff and second
countable are hereditary, so we need only check that U is locally Euclidean.
Since M is locally Euclidean, for any p ∈ U there is a coordinate chart
(V, φ) with p ∈ V . The set U ∩ V is an open set in the subspace topology
containing p, and if we let φ|U∩V denote the restriction of φ to U ∩ V , then
φ|U∩V is clearly a homeomorphism from U ∩ V into the open set φ(U ∩ V )

of Rn. Since p ∈ U was arbitrary, the result follows.

The preceding theorem shows how abundant manifolds are. Every open
subset of Rn, for example, is a manifold when given the subspace topology.
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5.2 Differentiable Manifolds

Definition 5.10. Two coordinate charts (U, φ) and (V, ψ) on a manifold are
said to be C∞-compatible (or just compatible) if U ∩ V nonempty implies
φ ◦ ψ−1 : ψ(U ∩ V ) → φ(U ∩ V ) and ψ : φ−1 : φ(U ∩ V ) → ψ(U ∩ V ) are
C∞. The maps φ ◦ ψ−1 and ψ ◦ φ−1 are called the transition functions.

The definition is illustrated in Figure 5.3.

Figure 5.3: Compatible charts and transition functions.

Consider two compatible charts (U, φ) and (V, ψ). Since U and V are
open, so are U∩V , φ(U∩V ), and ψ(U∩V ). The transition functions φ◦ψ−1
and ψ ◦ φ−1 are homeomorphisms on U ∩ V , being the composition of two
homeomorphisms there. Moreover, they are C∞ and inverses of each other,
hence they are actually diffeomorphisms between ψ(U ∩ V ) and φ(U ∩ V ).

Definition 5.11. LetM be a topological manifold. An atlas (or differentiable
(or C∞ or smooth) structure) onM is a family U = {(Uα, ϕα)} of coordinate
charts such that:

1. The Uα cover M, i.e. M =
⋃
Uα.

2. The charts (Uα, φα) and (Uβ, φβ) are compatible for any α, β.

An atlas U with the following additional property is called a maximal atlas:

3. If (V, ψ) is a chart compatible with every (Uα, φα) in U, then (V, ψ)

belongs to U.

If (V, ψ) is a chart that is compatible with every chart in U, then it is said
to be compatible with the atlas U.

Thus a maximal atlas is an atlas that contains all charts compatible with
it. Equivalently, an atlas M is maximal if whenever U is an atlas containing
M then U = M.

Proposition 5.12. Let U = {(Uα, φα)} be an atlas on M. If two charts
(V, ψ) and (W,σ) are compatible with U, then they are compatible with
each other.
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Proof. We show that σ ◦ψ−1 is C∞ on ψ(V ∩W ). That ψ ◦ σ−1 is C∞ on
σ(V ∩W ) is handled similarly. Let p ∈ V ∩W . (If V ∩W = ∅ the result
is vacuously true.) Since U is an atlas, it covers M. Thus there exists a
chart (Uα, φα) in U with p ∈ V ∩W ∩Uα. Since (V, ψ) and (W,σ) are both
compatible with (Uα, φα), it follows that (i) φ ◦ ψ−1 : ψ(V ∩W ∩ Uα) →
φ(V ∩W ∩ Uα) is C∞, and (ii) σ ◦ φ−1 : φ(V ∩W ∩ Uα)→ σ(V ∩W ∩ Uα)

is C∞. Since p ∈ V ∩W ∩ Uα, we have that

σ ◦ ψ−1 = (σ ◦ φ−1) ◦ (φ ◦ ψ−1)

is C∞ at ψ(p). Since the choice of p ∈ V ∩W was arbitrary, we win.

Definition 5.13. A smooth (or differentiable or C∞-) manifold is a topolog-
ical manifold equipped with a maximal atlas.

Theorem 5.14. Let M be a topological manifold equipped with an atlas
U = {(Uα, φα)}. Then there is a unique maximal atlas M containing U.

Proof. Set M = U. Adjoin to M any chart (V, ψ) on M that is compatible
with U. Since any two charts in M \ U are compatible with U, they are
compatible with each other by Proposition 5.12. Thus M is an atlas on
M. Clearly U ⊂ M, and M is maximal by construction. Now suppose
M′ is another maximal atlas containing U. Then all the charts in M′ are
compatible with U, and so M′ ⊂ M by construction of M. Since M′ is
maximal by assumption, we have that M = M′.

Remark 5.15. As a consequence of Theorem 5.14, to verify that M is
a smooth manifold, it suffices to show that (i) M is a second countable
Hausdorff space, and (ii) there exists an atlas U (not necessarily maximal)
on M. For then U can be extended to a unique maximal atlas M on M
by the preceding theorem, making M into a smooth manifold. If M is a
subset of any second countable Hausdorff space (e.g. Rn) and is given the
subspace topology, then it suffices only to construct an atlas on M since (i)
and (ii) are automatic.

From now on, the word “manifold” will mean smooth manifold, un-
less explicitly stated to the contrary.

Example 5.16. The unit circle S1 (as a subspace of R2) is a 1-manifold. As
a set, S1 = {(x, y) : x2+ y 2 = 1}. According to Remark 5.15, we need only
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construct an atlas on it. Let U1, U2, U3, and U4, be the top, bottom, left,
and right open semicircles respectively. For example, U1 is the intersection
of the open upper half plane {(x, y) : y > 0} with S1.

For i = 1, 2, 3, 4, define the coordinate maps φi : Ui → (−1, 1) ⊂ R
as follows. For i = 1, 2, put φi(x, y) = x . For i = 3, 4, put φi(x, y) = y .
Thus the top and bottom semicircles project onto the x-axis and the left
and right semicircles project onto the y -axis. Each φi is a homeomorphism
of Ui onto (−1, 1). For example,

φ1 : U1 → (−1, 1) : (ξ,
√

1− ξ2) 7→ ξ

is a continuous bijection of U1 onto (−1, 1), and it’s inverse

φ−11 : (−1, 1)→ U1 : ξ 7→ (ξ,
√

1− ξ2)

is continuous as well. Hence it is a homeomorphism. It remains to check
compatability of the coordinate charts. Consider the charts (U2, φ2) and
(U3, φ3) for example. The other cases are handled similarly. We have

(φ2 ◦ φ−13 )(ξ) = φ2(−
√

1− ξ2, ξ) = −
√

1− ξ2,

which is C∞ on φ3(U2 ∩ U3) and

(φ3 ◦ φ−12 )(ξ) = φ3(ξ,−
√

1− ξ2) = −
√

1− ξ2,

which is C∞ on φ2(U2 ∩ U3).

(Note: We could also cover S1 with only two compatible charts by using
the stereographic projection. This is a good exercise for the reader.)

Example 5.17. Let f : U ⊂ Rn → Rm be a C∞ function with U open in Rn.
Then the graph of f , denoted Γ (f ) and defined by

Γ (f ) = {(x, f (x)) : x ∈ U}

is an n-manifold. To see this, first identify Rn ×Rm with Rn+m. By Remark
5.15, it suffices to construct an atlas for Γ (f ). Indeed, define φ : Γ (f ) →
U : (x, f (x)) 7→ x . Clearly φ is a continuous bijection, and φ−1 : U → Γ (f ) :

x 7→ (x, f (x)) is continuous as well. Thus φ is a homeomorphism of Γ (f )

onto the open subset U of Rn. Hence {(Γ (f ), φ)} is an atlas (consisting of
a single coordinate chart) convering Γ (f ), and so Γ (f ) is an n-manifold.

Consequently, many familiar surfaces from calculus are manifolds. For
example, both the paraboloid z = x2 + y 2 and the surface z = sin(x + y 2)

are 2-manifolds. They are shown in in Figures 4(a) and 4(b), respectively.
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(a) z = x2 + y2 (b) z = sin(x + y2)

Figure 5.4: Some simple 2-manifolds in R3.

The following Mathematica code produced the paraboloid z = x2 + y 2.

ContourPlot3D[x^2+y^2==z, {x, -1, 1}, {y, -1, 1}, {z,0,1},
Axes -> False, Boxed -> False]

This code produced the wavy surface z = sin(x + y 2).

Plot3D[Sin[x + y^2], {x, -3, 3}, {y, -2, 2}, Axes -> False,
Boxed -> False]

Theorem 5.18. Let N and M be manifolds. Then N×M is also a manifold
when equipped with the product topology.

Proof. Since N ×M is given the product topology, it follows that N ×M is
Hausdorff and second countable, since these properties are preserved under
finite products. Let {(Uα, φα)} and {(Vβ, ψβ)} be atlases for N and M
respectively. We claim that the collection U of all (Uα × Vβ, φα × ψβ) is an
atlas for N ×M, where φα × ψβ is a tensor-like product defined by

(φα × ψβ)(p, q) = φα(p)ψβ(q).

First we show that if (U, φ) is a chart on N and (V, ψ) is a chart on M,
then (U × V, φ × ψ) is a chart on N ×M. That U × V is open in N ×M
follows from the definition of the product topology on N ×M. Next, φ is
a homeomorphism from U onto the open subset φ(U) of Rn, and ψ is a
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homeomorphism from V onto the open subset of φ(V ) of Rm. It follows
that φ×ψ is a homeomorphism from the open subset U×V of N×M onto
the open subset φ(U)×ψ(V ) of Rn ×Rn ' Rn+m. In other words, the pair
(U × V, φ× ψ) is a chart on N ×M.

Secondly, if (p, q) is any point in N×M then there is a chart (Uα, φα) in
the atlas of N containing p and a chart (Vβ, ψβ) in the atlas of M containing
q. Then (Uα × Vβ, φα × ψβ) is a chart containing (p, q). Hence U is a
collection of charts on N ×M that covers N ×M.

It remains to show that any two charts in U are compatible. Consider
the charts (Uα × Vβ, φα × ψβ) and (Uγ × Vδ, φδ × ψγ) in U. Then

(φγ × ψδ) ◦ (φα × ψβ)−1 = (φγ × ψδ) ◦ (φ−1α × ψ−1β )

= (φγ ◦ φ−1α )× (ψδ ◦ ψ−1β ).

Now, (Uγ, φγ) and (Uα, φα) are charts in the atlas of N, so they are compati-
ble with each other. Thus φγ◦φ−1α is C∞ from φα(Uα∩Uγ) onto φγ(Uα∩Uγ).
Similarly, ψδ ◦ψ−1β is C∞ from ψβ(Vβ ∩ Vδ) onto ψδ(Vβ ∩ Vδ). It follows that
(φγ ×ψδ) ◦ (φα×ψβ)−1 is C∞ on the open set φα((Uα× Vβ)∩ (Uγ × Vδ))×
ψβ((Uα × Vβ) ∩ (Uγ × Vδ)). The proof that (φα × ψβ) ◦ (φγ × ψδ)−1 is C∞
is similar. Thus the two charts (Uα × Vβ, φα × ψβ) and (Uγ × Vδ, φδ × ψδ)
are compatible. Hence the collection U is indeed an atlas on N ×M.

Remark 5.19. Theorem 5.18 is a powerful theorem, for it enables us to easily
construct more complicated manifolds from simpler ones. For example, the
theorem implies that the torus S1×S1 and the cylinder S1×R are manifolds.
By induction we can continue this finitely many times. For example, the n-
dimensional torus S1 × S1 × · · · × S1 (with n factors) is an n-manifold.

5.3 Smooth Maps on a Manifold

Definition 5.20. Let M be an n-manifold. A function f : M → R is said to
be C∞ (or smooth) at a point p ∈ M if there exists a chart (U, φ) containing
p in the atlas of M such that f ◦ φ−1 : φ(U)→ Rn is C∞ at φ(p).

Lemma 5.21. A function f : M → R is smooth at p ∈ M iff for every chart
(U, φ) containing p in the atlas of M we have f ◦φ−1 : φ(U)→ Rn is C∞ at
φ(p).
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Proof. Suppose f is smooth at p. Then there exists a chart (U, φ) containing
p such that f ◦ φ−1 is C∞ at φ(p). Now let (V, ψ) be any other chart
containing p in the atlas of M. Since these two charts are C∞ compatible
(because they’re in the atlas of M), we have that φ ◦ ψ−1 : ψ(U ∩ V ) →
φ(U ∩ V ) is C∞. Hence

f ◦ ψ−1 = (f ◦ φ−1) ◦ (φ ◦ ψ−1)

is smooth at ψ(p), since the composition of smooth functions is smooth.
The converse is obvious.

8 The Tangent Space

In chapter 2 we visualized a tangent vector at p ∈ Rn to be a geometrical
arrow whose base point was p. However, this geometrical approach has at
least two deficiencies, namely

(i) it does not lend itself to computation, and

(ii) it does not generalize well to manifolds, especially those that are not
embeddable in a Euclidean space.

To remedy the first deficiency, we identified an arrow at p with coordi-
nates in Rn, thus turning the set of geometrical arrows attached to p into
a vector space isomorphic with Rn. We called this vector space the tangent
space to Rn at p, and we denoted it by Tp(Rn). This made computation
possible, but the second problem remained.

To address the second deficiency, we began by defining germs of func-
tions and derivations at a point. We then established a somewhat striking
result: the space Dp(Rn) of all derivations at p is isomorphic to Tp(Rn). In
symbols, Dp(Rn) ' Tp(Rn). Thus we can identify tangent vectors at p with
derivations at p. This idea becomes the basis of our definition for tangent
vectors at a point p in an arbitrary manifold M.

Indeed, if M is a manifold and p ∈ M, we will simply define a tangent
vector at p to be a derivation at p. (Of course, we will show that we recover
the usual definition in the special case of Rn.) For this definition to make
sense, we must first define a derivation at p, which in turn depends on the
concept of germs of C∞ functions at p. Thus we begin by defining germs.
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But before we begin, one subtle technical point is worth bearing in mind.
The definitions below will appear deceptively identical to their earlier coun-
terparts in chapter 2. But there is a subtle difference. The difference lies
in what it means for a function to be C∞. In chapter 2 the manifold was
Rn (and we know what it means for a function on Rn to be smooth). But
for a function f on an arbitrary manifold M another definition is necessary.
Indeed recall from chapter 6 that a function f : M → R is C∞ at p ∈ M if
there is a coordinate chart (U, φ) in the atlas of M containing p such that
f ◦φ−1 : φ(U)→ R is C∞ at φ(p). If U is a neighborhood of p ∈ M, we say
f : U ⊂ M → R is C∞ if it is C∞ at each p ∈ U.

Thus the following definitions are similar in language and spirit to those
from chapter 2, but they are technically different; in particular they gener-
alize those earlier definitions. Bearing all this in mind, we now define germs
of functions at a point in an arbitrary manifold.

Definition 8.1. Let M be a manifold and p ∈ M. Let

Sp = {(f , U) : U is a neighborhood of p and f : U → R is C∞}.

Define an equivalence relation ∼ on Sp by saying that (f , U) ∼ (g, V ) if and
only if there exists a neighborhood W ⊂ U ∩V containing p such that f = g

on W . The equivalence class of (f , U) is called the germ of f at p, and the
set of all germs is denoted C∞p (M).

Remark 8.2. If we identify the pair (f , U) with just the function f , then
loosely speaking we may regard the germ of f at p as the set of all functions
that agree with f on some neighborhood of p. This means that if P is some
property that depends only on f and its derivatives on a neighborhood of
the point p, then either all functions in the germ of f satisfy property P or
none of them do.

Definition 8.3. Let M be a manifold and p ∈ M. A derivation at p is a
linear map D : C∞p (M)→ R that satisfies the Leibniz rule, i.e.

D(f g) = f (p)(Dg) + g(p)(Df ).

We also refer to D as a point derivation of C∞p (M).

We are now in a position to formally define a tangent vector and the
tangent space at a point in an arbitrary manifold.
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Definition 8.4. A tangent vector at a point p in a manifoldM is a derivation
at p in M. The set of all tangent vectors at the point p is called the tangent
space of M at p and is denoted TpM.

Remark 8.5.

1. As in chapter 2, let Dp(M) denote the set of all derivations at p in
M. Then in fact TpM = Dp(M) by definition. Contrast this to the
situation in chapter 2 where Dp(Rn) and Tp(Rn) were different, but
isomorphic, vector spaces.

2. Define addition and scalar multiplication in TpM in the usual way.
Namely, if a, b ∈ R, Xp, Yp ∈ TpM, and f ∈ C∞p (M), we define

(aXp + bYp)f = a(Xpf ) + b(Ypf ),

and
(aXp)f = a(Xpf ).

Then it is easily seen that TpM is a vector space.

3. By definition a tangent vector Xp ∈ TpM is really a special kind of
function, namely a derivation at p in M. Referring to Xp as a “vector”
is justified because we have just seen that TpM is a vector space.

4. Consider a tangent vector to p inM, say Xp ∈ TpM. Now Xp is in fact
a derivation at p, and a derivation at p is a linear map that assigns a
real number to each germ in C∞p (M). It follows that in order to fully
describe the tangent vector Xp, we must specify its rule of assignment
that takes germs of C∞ functions into real numbers.

Now assume we have a C∞ map F : N → M between manifolds. As-
sociated to the point p ∈ N is the tangent space TpN, and associated to
the point F (p) ∈ M is the tangent space TF (p)M. It seems reasonable that
F should somehow induce a map F∗ from TpN to TF (p)M, and that the
definition of F∗ should involve F in a natural way.

By part 4 of Remark 8.5, given Xp ∈ TpN the definition of F∗ should
describe how F∗(Xp) acts on a function f ∈ C∞F (p)(M) to produce a real
number. This is achieved by the next definition.
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Definition 8.6. Let F : N → M be a C∞ map between the manifolds
N and M, and let p ∈ N. We define the differential of F at p, denoted
F∗ : TpN → TF (p)M, as follows. For any Xp ∈ TpN and any f ∈ C∞F (p)(M),
put

(F∗(Xp))f = Xp(f ◦ F ).

In other words, we pull f back by F and then operate on it by Xp. If we
wish to emphasize the point p, we will write F∗,p instead.

Remark 8.7.

1. For the definition to make sense, we must show that f ◦ F belongs
C∞p (N) in order to operate on it with Xp. Strictly speaking f is a germ,
but we may identify it with one of its representative C∞ functions.
With such an identification, the smoothness of f and the map F implies
that f ◦F is C∞ on some neighborhood of p ∈ N. Hence f ◦F belongs
to some germ in C∞p (N), and if we identify f ◦ F with its germ then
the expression Xp(f ◦ F ) makes sense. Going forward we will assume
such an identification when necessary without explicitly mentioning it.

2. We could write (F∗(Xp))f = Xp(F ∗f ), where F ∗f = f ◦ F denotes
the pullback of f by F . But the notation is already confusing enough,
and to use the ∗ symbol in two different ways in this equation would
lead to apoplexy.

3. To help summarize and clarify the quantities involved:

(a) Xp is a tangent vector in TpN (i.e. Xp is a derivation at p).

(b) F∗ is a map from TpN to TF (p)M.

(c) F∗(Xp) is a tangent vector in TF (p)M (i.e. F∗(Xp) is a derivation
at F (p)). In particular, F∗(Xp) is the derivation that sends f ∈
C∞F (p)(M) to the real number Xp(f ◦ F ). We may write this as

F∗(Xp) = (f 7→ Xp(f ◦ F )),

or equivalently

F∗(Xp) : C∞F (p)(M)→ R : f 7→ Xp(f ◦ F ).

(d) For any f ∈ C∞F (p)(M), the quantity (F∗(Xp))f is a real number,
and the rule of assignment is (F∗(Xp))f = Xp(f ◦ F ).
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(e) Grand summary: We can piece all the above information to-
gether into the following grand statement. Given manifolds N
and M, a C∞ map F : N → M, and a point p ∈ N, the differen-
tial F∗ at p is described as follows.

F∗ : TpN → TF (p)M : Xp 7→ (f 7→ Xp(f ◦ F )), ∀f ∈ C∞F (p)(M).

If you can stare at that displayed equation and understand it,
then move on.

Exercise 8.8. Verify that F∗ : TpN → TF (p)M is a linear map and that
F∗(Xp) is a actually a derivation at F (p).

Proof. To see that F∗ : TpN → TF (p) ∈ M is a linear map, let a, b ∈ R and
Xp, Yp ∈ TpN. Then for any f ∈ C∞F (p)(M), we have

(F∗(aXp + bYp))f = (aXp + bYp)(f ◦ F )

= a(Xp(f ◦ F )) + b(Yp(f ◦ F ))

= a((F∗(Xp))f ) + b((F∗(Yp))f ).

Hence F∗ : TpN → TF (p)M is a linear map.
To see that F∗(Xp) is a derivation at C∞F (p)(M), we must show that (i)

it is a linear map from C∞F (p)(M) into R, and (ii) it satisfies the Leibniz rule.
Thus let a, b ∈ R and f , g ∈ C∞F (p)(M). Then

F∗(Xp)(af + bg) = Xp((af + bg) ◦ F )

= Xp(a(f ◦ F ) + b(g ◦ F ))

= aXp(f ◦ F ) + bXp(g ◦ F )

= aF∗(Xp)f + bF∗(Xp)g,

where in going to the third equality I used the fact that Xp is a derivation,
hence linear. This shows linearity of F∗(Xp). For the Leibniz property,

F∗(Xp)(f g) = Xp((f g) ◦ F )

= Xp((f ◦ F )(g ◦ F ))

= ((g ◦ F )(p))Xp(f ◦ F ) + ((f ◦ F )(p))Xp(g ◦ F )

= g(F (p))F∗(Xp)f + f (F (p))F∗(Xp)g,

where in going to the third equality I used the Leibniz property of Xp. Thus
F∗(Xp) is linear and satisfies the Leibniz rule, hence it is a derivation as
required.
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