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Abstract

A novel Distance Constraint Model (DCM) has been found to be successful in pre-

dicting thermodynamic stability and mechanical flexibility in proteins within a mean

field approach [1-3], and in polypeptides that undergo an alpha-helix to coil transition

through exact transfer matrix methods [4]. Here, we present a new result where a

minimal DCM is calculated exactly for polypeptides that undergo a beta-hairpin to

coil transition. The DCM represents microscopic interactions as distance constraints

with enthalpy and entropy contributions. In this work, H-bond constraints and native

and disordered torsion constraints are employed. The topological arrangement of these

constraints defines a mechanical framework. Network rigidity, regarded as an under-

lying mechanical interaction, provides a mechanism for molecular cooperativity and

accounts for non-additivity in conformational entropy within a free-energy decompo-

sition scheme. Using Maxwell counting that is a mean field approxiamation, a Gibbs

ensemble of all accessible constraint topologies and the partition function is calculated

exactly. In addition to thermodynamic response functions, such as heat capacity and

phase diagrams, the free energy landscape in constraint space is calculated to allow

direct connection to prior mean field approximations used in proteins. The effects of

network rigidity within a microscopic free energy decomposition scheme on molecular

cooperativity and non-additivity of entropy is especially illuminating, suggesting that

long-range mechanical interactions are fundamentally important to take into account

within a coarse grain model based on free-energy decompositions.

4



Contents

1 Introduction 8

1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2 The Basics of Protein Structure . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Determining Protein Structure Experimentally . . . . . . . . . . . . . . 10

1.4 Sharing Structure Information . . . . . . . . . . . . . . . . . . . . . . . . 10

1.5 The β-Hairpin Turn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.1 Structure Hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.2 The β-Sheet and β-Hairpin . . . . . . . . . . . . . . . . . . . . . 12

2 Model 13

2.1 The Thermodynamic Approach . . . . . . . . . . . . . . . . . . . . . . . 13

2.1.1 The Molecular Dynamics (MD) approach . . . . . . . . . . . . . 13

2.1.2 The Thermodynamic Approach . . . . . . . . . . . . . . . . . . . 14

2.1.3 The Connection Between Rigidity and Thermodynamics . . . . . 14

2.2 Essential Rigidity Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Rigidity of Graphs in the 2-D Plane . . . . . . . . . . . . . . . . 15

2.2.2 Problems With DOF Counting . . . . . . . . . . . . . . . . . . . 17

2.2.3 Maxwell Constraint Counting as a Mean Field Approximation . 18

2.3 Minimal Distance Constraint Model (mDCM) . . . . . . . . . . . . . . . 19

2.3.1 The Macrostates of the mDCM . . . . . . . . . . . . . . . . . . . 20

2.4 Non-additivity of Entropy in the mDCM . . . . . . . . . . . . . . . . . . 21

2.5 Topological Model of the β-Hairpin Turn . . . . . . . . . . . . . . . . . 22

3 Theory 24

3.1 Statistical Mechanics Approach to Thermodynamics . . . . . . . . . . . 24

5



3.2 Non-Additivity of Entropy in the mDCM . . . . . . . . . . . . . . . . . 26

3.3 The Mean Field Approximation . . . . . . . . . . . . . . . . . . . . . . . 27

3.4 mDCM Model Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4 Results 29

4.1 Numerical Calculations . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.2 Free Energy Landscapes . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.3 Heat Capacity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5 Conclusions 35

5.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

A Combinatorial Derivation of Ω(Nb, i, j) 36

B Bibliography 37

C Grant Support 38

6



List of Figures

1 Ball and Stick Model of a Peptide Bond . . . . . . . . . . . . . . . . . . 9

2 Myoglobin . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Protein G (1PGA) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

4 Ubiquitin (1UBQ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 A triangle in the plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

6 A square in the plane . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

7 A case where DOF counting fails . . . . . . . . . . . . . . . . . . . . . . 17

8 Minimal Distance Constraint Model . . . . . . . . . . . . . . . . . . . . 19

9 Macrostates of the mDCM . . . . . . . . . . . . . . . . . . . . . . . . . . 20

10 Non-Additivity of Entropy on a 2-D Graph . . . . . . . . . . . . . . . . 21

11 The β-Hairpin Structural Motif . . . . . . . . . . . . . . . . . . . . . . . 22

12 Topology of the β-Hairpin with Nb = 9, Nr = 3 . . . . . . . . . . . . . . 23

13 Topology of the β-Hairpin with Nb = 9, Nr = 2 . . . . . . . . . . . . . . 23

14 Topology of the β-Hairpin with Nb = 9, Nr = 2 . . . . . . . . . . . . . . 24

15 Flowchart of Theoretical Calculations . . . . . . . . . . . . . . . . . . . 25

16 Free Energy Landscapes at 250 ≤ T ≤ 449 K . . . . . . . . . . . . . . . 31

17 Macrostate Probability Contour Maps for 250 ≤ T ≤ 449 K . . . . . . . 32

18 Heat Capacity Calculation by Even and Odd Nb . . . . . . . . . . . . . 33

19 Transition Temperature Tm by Number of Backbone Residues Nb . . . . 34

20 Binning Diagram for Multiplicity Ω . . . . . . . . . . . . . . . . . . . . . 36

7



1 Introduction

1.1 Background

Proteins are large, complicated macromolecules. They flex, wiggle, and vibrate over a

whole spectrum of frequencies, and they are not static at all, despite any pictures to

the contrary. Their native environment is the cell, where the pH and other environ-

mental conditions can vary, and they slosh around in a veritable fluid of other proteins,

complex polymers, and a myriad of small molecules. Proteins may have thousands of

atoms, and they have all kinds of interactions, ranging from strong covalent bonding,

to medium strong hydrogen bonds, to weak non-bonding forces. Their electrons in-

teract quantum mechanically with other atoms in the protein. They are in thermal

contact with a heat reservoir (the cell) and are therefore subject to thermal and sta-

tistical interactions. A protein’s structure is a moving target, as bonds are made and

broken, and parts of the protein may move as a collective whole while others wiggle

independently. Despite all this complexity, progress can still be made in understand-

ing proteins and predicting their behavior by focusing on the essential physics, and

simplifying (or ignoring altogether) the nonessentials.

1.2 The Basics of Protein Structure

To get a better understanding of protein structure, Figure 1 shows an illustrative

example of part of a typical protein. The backbone of the protein is the sequence of

atoms that form the “spine” to which all of the residues, or side chains, connect. The

backbone in proteins start with a nitrogen atom, labeled N and shown in blue, which

then connects in sequence to a carbon atom, labeled Cα and shown in black, then

another carbon labeled C, also in black. This sequence continues until it terminates
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later with a carbon atom. The beginning of the protein is called the N-terminus, and

the end is called the C-terminus. A backbone sequence thus takes the form N-Cα-C-

N-Cα-C-N-· · · -Cα-C.

Figure 1: Ball and Stick Model of a Peptide Bond

A protein consists of a chain of amino acids covalently bonded through the peptide

bond, illustrated in Figure 1. Observe the green “placeholder” connected to each Cα

atom. What makes proteins unique from one another is the contents of this placeholder.

They are called the residues, or side chains, of the protein. A given residue on a protein

is usually one of twenty different standard residues, for example histidine or glycine,

although many other nonstandard side chains exist. The structure and contents of

these residues can vary greatly from one to another, and it is their richness that gives
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rise to the diversity of form and function of proteins.

1.3 Determining Protein Structure Experimentally

To study the structure of proteins, the technique of X-ray crystallography, initially

developed in the early 20th century for studying the structure of simple crystals, has

proven indispensible. In X-ray crystallography, a high concentration of proteins are

first carefully crystallized in a “gel” of some sort that allows them to assume a regular

pattern. The gel consists mostly of water (about 80%) that has an amorphous struc-

ture. The gel is then bombarded with X-rays whose wavelengths are on the order of

the interatomic spacing between atoms in the protein. Measurements of the resulting

diffraction pattern allow determination of the electron density in the protein, which

is then used to determine where the atoms of the protein are located. The surround-

ing water is generally not seen because it is not a regular crystal (i.e. amorphous).

Therefore, it is generally the case that the structure observed in the gel is an excellent

representation of the structure in water at dilute concentation, such as in the cell envi-

ronement. Myoglobin, the first protein to have its structure resolved (or “solved”), is

shown in Figure 2. For this X-ray crystallography structure, Kendrew & Perutz won

the 1962 Nobel Prize in Chemistry.

1.4 Sharing Structure Information

In practice, once the structure is solved, the coordinates of the atoms relative to an

arbitrary origin are recorded. The modern industry standard format is a Protein

Databank, or PDB, file. Experimentalists record their structure information in a PDB

file and upload it to the Protein Databank Repository on the World Wide Web [5],

where it can be searched and downloaded by other researchers. The structure file is
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Figure 2: Myoglobin

assigned a 4-digit alphanumeric PDB code. Because of the ubiquity of the Protein

Databank, the PDB code is sometimes used interchangeably with the protein name.

1.5 The β-Hairpin Turn

1.5.1 Structure Hierarchy

In order to classify the structure of a protein, a standard hierarchy was developed [6]

that gives names to commonly recurring stucture in proteins. The primary structure of

a protein is simply its backbone sequence. A secondary structure is a regular pattern

or motif related to the geometry of the primary structure, such as a helix, made famous

by the study of DNA. Other secondary structures include the beta-sheet, which is of

interest in the context of this research. Secondary structures combine to form frequently

appearing large scale patterns that give rise to tertiary structures (involving one protein

chain), and these often combine into quaternary structures (involving two or more
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protein chains).

1.5.2 The β-Sheet and β-Hairpin

A beta-sheet is a secondary structure made up of beta-strands cross-linked by hydro-

gen bonds in a plane-like configuation. Two proteins that have prominent beta-sheet

structures are Protein G (1PGA) and Ubiquitin (1UBQ). These are shown as yellow

ribbons in Figures 3 and 4 respectively.

Figure 3: Protein G (1PGA) Figure 4: Ubiquitin (1UBQ)

The connected set of all the yellow ribbons in the plane forms the beta-sheet,

whereas each individual yellow ribbon is a beta-strand.

The beta-hairpin structural motif connects two strands of a beta-sheet and resem-

bles a hairpin, giving rise to its name. In Figures 3 and 4, the beta-hairpins are shown

in blue/cyan connecting two beta-strands. Study of the beta-hairpin turn is impor-

tant, since denaturation (unfolding) of the hairpin has been implicated in Alzheimer’s

disease as well as Mad Cow’s disease.
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2 Model

2.1 The Thermodynamic Approach

2.1.1 The Molecular Dynamics (MD) approach

As mentioned in the introduction, proteins are enormously complex and therefore dif-

ficult to study in detail. In molecular dynamics (MD) simulations, all-atom detail

behavior of a protein can be predicted by applying Newton’s laws to each and every

atom in the protein simultaneously. If there are N atoms in a protein and N ′ ions in its

envirionment, then a system of 3(N +N ′) second order ordinary differential equations

is solved simultaneously according to Newton’s laws:

~Fi = m
d2~ri
dt2

= −∇U(~ri ), (1)

where i runs over the different particles. The potential energy field U usually comes

from externally supplied software that specializes in constructing U given a protein’s

structure and environment. Unfortunately though, for numerical reasons, it is neces-

sary to integrate over very small time steps (∼ 10−15 s), making it almost impossible

to reach a microsecond (10−6 s) for moderate size proteins, whereas biologically rel-

evant timescales are on the order of microseconds to seconds or more. Thus ∼ 1012

(or more) of steps are necessary to predict thermodynamic behavior. Since each step

involves solving tens of thousands of second order ODEs simultaneously, enormous

computational power and time is needed to achieve results. Improvements in compu-

tational time are achieved by making simplifications, usually grouping atoms together

and throwing away some details.
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2.1.2 The Thermodynamic Approach

In contrast to molecular dynamics simulations, a thermodynamic approach allows one

to focus on essential features at the expense of losing considerably more details. In the

present case, we are interested in thermodynamic properties of proteins, such as their

free energy landscapes and heat capacity curves. A detailed study of the dynamics of

each atom in the protein is not necessary to achieve these results. What is necessary

is to preserve the correct statistical weights that would have been obtained from long-

time averaging over the MD trajectories. Thus fine details are lost in thermodynamic

properties. But, there is a practical advantage to neglecting the nonessential details:

it reduces computation time significantly. The Minimal Distance Constraint Model

(mDCM) described in the next section is able to achieve results about 1010 times

faster than typical MD simulations.

2.1.3 The Connection Between Rigidity and Thermodynamics

So how does thermodynamics enter the picture? Surprisingly, mechanical rigidity prop-

erties of the protein have a direct connection to its thermodynamic properties, and it is

from rigidity calculations that we determine the conformational entropy and eventually

the thermodynamics of the beta-hairpin. To see this, recall that the most fundamen-

tal quantity in the study of statistical mechanics is the entropy S = kB ln Ω, where

kB is Boltzmann’s constant and Ω is the multiplicity of the system (the total number

of accessible microstates). Each bond between atoms in the protein introduces some

sort of distance constraint, so that the adjoined atoms must maintain a certain dis-

tance from one another. Consequently, these atoms are not as free to move around as

before, thereby exploring less configuration space and giving rise to fewer accessible

microstates.

14



Modeling the covalent bonds (and other bond and local interactions) as distance

constraints, we can view a protein’s structure as a complex “tinker toy” of connected

bars and balljoints, forming structures in the way proteins do. In this tinker toy model,

backbone residues and sidechains are the bars, their relative orientations determined by

the balljoints, their lengths an indication of their separation distance, and the stiffness

of the bars an indication of the bond strength. Although this mechanical model is

conceptually simple, it is a powerful tool for analyzing protein behavior, as discussed

in Section 2.2.

Since all of thermodynamics follows from statistical mechanics, we can calculate

thermodynamics once we have determined fundamental quantities, such as the entropy

and energies. Estimating the latter is not too difficult, since many of the interaction

energies are well known and have been studied extensively. The most difficult quantity

to determine is the conformational entropy of the protein. In fact, the reason MD sim-

ulations are needed on very long time scales is to adequately probe the conformational

entropy. Since the mDCM is able to estimate the rigidity and entropy properties of the

protein (or any three dimensional bar-balljoint network), and since interaction ener-

gies are simple to model, we are in a position to calculate the relevant thermodynamic

quantities, such as the heat capacity and free energy landscapes. This is the basis for

the thermodynamic approach we take in studying the beta-hairpin turn.

2.2 Essential Rigidity Theory

2.2.1 Rigidity of Graphs in the 2-D Plane

As mentioned Section 2.1.3, rigidity plays an important role in determining the confor-

mational entropy of a polypeptide chain. We now elaborate on this with some simple

two dimensional examples, bearing in mind that these same ideas will be applied to
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the three dimensional structures of the beta-hairpin in this work.

In the plane, there are three trivial degrees of freedom (DOF) for a rigid extended

object: two corresponding to its center of mass (CM) coordinates and one DOF for

rotation about the CM. For points (non-extended objects), there are only two DOF,

one for each CM coordinate. Thus for three points in the plane, there are six degrees

of freedom, two for each particle. If we now introduce constraints, such as fixed-length

bars between the objects (perhaps representing covalent bonding between atoms), then

the number of degrees of freedom is reduced. As a first example, consider the triangle

illustrated in Figure 5.
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@
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z

z

Figure 5: A triangle in the plane

Since we are not normally interested in the trival degrees of freedom (corresponding

to the location of the CM and rotation angle(s) about the CM), we do not consider these

in our DOF counting. The graph in Figure 5 has zero degrees of freedom: 3(2)−3−3 =

0, since there are three nodes (with two DOF each), three bars (constraints), and

three trivial degrees of freedom (location of CM and orientation). When a graph has

a positive number of DOF, it is called floppy. When a graph has zero DOF, it is

called critically rigid, for removing any one of the constraints will allow the system

to flex or wiggle. Finally, when a graph has a negative number of DOF, it is called

overconstrained. Additional constraints imposed after the graph is rigid are called

redundant constraints. A redundant constraint can be broken (i.e. removed) without

affecting the rigidity of the graph.

As an example of a floppy graph, consider Figure 6. This square has one DOF,
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Figure 6: A square in the plane

corresponding to a shearing motion: One can hold the base fixed and slide the top

left-and-right in a shearing motion.

2.2.2 Problems With DOF Counting

In the preceding discussion, I neglected to consider the possibility that certain sub-

graphs of a graph might be rigid while others are not, and therefore the entire graph

might be considered floppy, even though constraint counting would label it as rigid.

To illustrate this point, refer to Figure 7. In this case, there are six nodes and nine
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@

@
@

@z

z

z

z

z

z

Figure 7: A case where DOF counting fails

constraints, so DOF counting gives 6(2) − 9 − 3 = 0, predicting a rigid graph. This

is obviously wrong, by inspection, for you can see the right square has a shearing mo-

tion in the plane. Focusing our attention on just on the left square, we see that it is

overconstrained, and if we moved one of its redundant diagonal constraints over to the

right square the whole graph would be rigid. This illustrates that placement of the

constraints is important! That is, we should only count non-trivial constraints.

Another way of characterizing this is to say that constraints should only be counted
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if they impose restrictions on the possible motion or configuration of the graph. If we

count DOF in this way, then we call them independent degrees of freedom, abbreviated

IDOF.

For a given graph, it is a difficult problem to break it down into subgraphs and

identify them as floppy, critically rigid, or overconstrained by properly counting only

IDOF. It should be noted that a complete combinatorial characterization of rigidity in

the plane was given [7] by the mathematician G. Laman in 1970. Characterization of

rigidity for an arbitrary graph in three or higher dimensions remains an open problem

in mathematics.

The mDCM estimates the rigidity of a graph in three dimensions by using a patented

algorithm known as the Pebble Game [10,11], which is applicable to a certain class of

graphs that are used to model protein structure. The number of IDOF enters into the

mDCM’s determination of the conformational entropy, for parts of a graph that are

rigid explore less configuration space than parts that are floppy.

2.2.3 Maxwell Constraint Counting as a Mean Field Approximation

Given n objects in the plane and c constraints, the reader might have suggested the

following formula for the number of degrees of freedom D:

D = 2n− c− 3, (2)

since each of the n objects has two degrees of freedom, and then we subtract off one

DOF for each of the c constraints and the three trivial degrees of freedom. One might

even be tempted to generalize this formula to m-dimensional spaces, by suggesting

D = nm− c−
m(m+ 1)

2
, (3)
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where m(m+1)/2 is the number of trivial rigid body DOF in an m-dimensional space.

This type of appoach to DOF counting is called Maxwell counting1. In the Maxwell

counting approximation, the moment the DOF count goes to zero, the entire graph

is considered rigid and any additional constraints are considered redundant. As illus-

trated in Figure 7, this formula doesn’t always work, especially for complicated graphs.

Maxwell counting tends to be a good approximation when the graph is large and the

density of constraints is essentially uniform, giving rise to a mean field approximation.

2.3 Minimal Distance Constraint Model (mDCM)

The Minimal Distance Constraint Model (mDCM) combines network rigidity and con-

straint theory with atomic structure data from the Protein Databank to determine a

topological framework of the protein (or beta-hairpin, in this case). The relationship

between these components is illustrated in Figure 8.

Figure 8: Minimal Distance Constraint Model

1Incidentally, this is the same Scottish theoretical physicist and mathematician James Clerk Maxwell
(1831-1879) famed for Maxwell’s equations of electrodynamics.
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2.3.1 The Macrostates of the mDCM

In the mDCM, the macrostates of the protein struture are characterized by the number

of native-like torsion contacts Nnt and the number of intramolecular hydrogen bonds

Nhb. As the protein folds up, energetically favorable hydrogen bonds form between

different parts of its structure. In the reverse process, these hydrogen bonds break

and the protein is free to unfold. The number of native-like torsion constraints gives

a simple measure of how close the structure is to its native state, where both energy

and conformational entropy is lower due to good atomic packing in the native state. A

torsion interaction modeled as a disordered torsion constraint is of higher energy and

more conformational entropy.

Note that the unfolded state of a protein corresponds to few hydrogen bonds and

disordered torsion constraints, whereas the folded state has a relatively high number

of native-like torsion constraints and many crosslinking hydrogen bonds. This is illus-

trated in Figure 9, where the region labeled F indicates the folded macrostates and U

indicates the unfolded macrostates. The mDCM was developed in prior work by Dr.

Figure 9: Macrostates of the mDCM
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Donald Jacobs, and it is considered as input to the research presented here, where it

is used to estimate the thermodynamic properties of the beta-hairpin turn.

2.4 Non-additivity of Entropy in the mDCM

What is novel about the mDCM is its coarse-grained approach to modeling based on

constraint theory combined with its ability to account for non-additivity of entropy.

The need for non-additivity of entropy has already been motived in Figure 7. Now

consider a very simple two-dimensional example, as illustrated in Figure 10. In the

Figure 10: Non-Additivity of Entropy on a 2-D Graph

reference state (10a), the system has one degree of freedom in the plane (a shearing

motion). Inserting a diagonal constraint (10b and 10c) that may represent a hydrogen

bond, for example, gives both an enthalpy and entropy reduction, making the system
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rigid, with no remaining degrees of freedom. It doesn’t make any difference which

diagonal we put the constraint across, but adding a second diagonal (10d) is redundant

(to first order) so far as the entropy is concerned. In the mDCM, only independent

constraints are considered in the entropy calculation, although all constraints contribute

an enthalpy term. This is in sharp contrast to other models, where entropy is usually

considered additive. The importance of non-additivity has been pointed out by Kin

Dill [9], who says:

“Perhaps some of our models in computational biology are based on flawed

assumptions. Thermodynamic additivity principles are the foundation of

chemistry, but few additivity principles have yet been found successful in

biochemistry.”

2.5 Topological Model of the β-Hairpin Turn

In this work, we apply the mDCM to the beta-hairpin turn in proteins. An illustration

of the beta-hairpin turn is shown in Figure 11. Our mechanical framework for the beta-

Figure 11: The β-Hairpin Structural Motif
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hairpin consists of backbone residues and crosslinking hydrogen bonds. Three simple

examples illustrating mDCM topologies of a beta-hairpin are shown. The structure of

a beta-hairpin is characterized by the number of backbone residues in the beta-hairpin,

denoted Nb, and the number of rings (or loops), denoted Nr, which is the same as the

number of cross-linking hydrogen bonds (dahsed lines). Note that we impose restriction

that no two hydrogen bonds can cross one another.

Figure 12: Topology of the β-Hairpin with Nb = 9, Nr = 3

For the beta-hairpin illustrated in Figure 12, there are nine backbone residues and

three cross-linking hydrogen bonds, forming three rings. Figures 13 and 14 show two

more examples of beta-hairpin topologies, and also illustrate topological degeneracy.

That is, there is more than one structure of a beta-hairpin with the same values of Nb

and Nr. Viewing these beta-hairpin topologies in the context of the mDCM, each

Figure 13: Topology of the β-Hairpin with Nb = 9, Nr = 2

backbone residue has two torsion constrants, which may be native-like or disordered,
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Figure 14: Topology of the β-Hairpin with Nb = 9, Nr = 2

and each ring has exactly one crossliking hydrogen bond, so that 0 ≤ Nnt ≤ 2Nb

and Nhb = Nr. In calculating the entropy of the beta-hairpin turn, there is also a

geometrical degeneracy, since a fixed constraint topology will allow for many different

atomic configurations in three dimensions. The mDCM provides an estimate of these

geometrical degeneracies (conformations). The upcoming theory section shows how

this model is used to calculate the partition function of a beta-hairpin, from which we

calculate the free energy landscapes and heat capacity of the beta-hairpin turn.

3 Theory

3.1 Statistical Mechanics Approach to Thermodynamics

The central theoretical approach we take is to exactly calculate the partition function

Z of a beta-hairpin turn (within the mean-field approximation), from which we derive

all other thermodynamic quantites of interest using canonical relations of statistical

mechanics.

Figure 15 illustrates the flow of our computations to determine the partition func-

tion for the beta-hairpin. For a given macrostate (number of native torsion constraints

and number of crosslinking hydrogen bonds), the mDCM uses Maxwell constraint

counting and determines the entropy of that macrostate. For each backbone residue
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Figure 15: Flowchart of Theoretical Calculations

and crosslinking hydrogen bond in the system, there is an additive enthalpy term,

which together with a non-additive entropy calculation gives the Gibbs free energy

of a macrostate. Next, a degeneracy term Ω is introduced to account for different

topological ways of arranging the same macrostate. Combining the topological degen-

eracy factor with a Boltzmann weight and summing over all possible macrostates gives

the partition function of the system. Since the macrostates of interest in the mDCM

are the number of native-like torsion constraints and the number of hydrogen bonds,

the partition function, for a fixed number of backbone residues Nb, takes the form of

Equation 4.

Z =

Nnt
∑

i=0

Nhb
∑

j=0

Ω(Nb, i, j)e
−βG(i,j) =

Nnt
∑

i=0

Nhb
∑

j=0

e−βGFL(Nb,i,j) (4)

where the Gibbs free energy of each macrostate is given by Equation 5

G(Nb, i, j) = H(Nb, i, j) − TS(Nb, i, j). (5)

Our definition of the Gibbs free energy landscape, GFL, includes the degeneracy term,
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and a combinatorial argument (see Appendix A) determines the topological degeneracy

term Ω(Nb, i, j) as given in Equation 6

Ω(Nb, i, j) =
(2Nb)!Nb!

i!(2Nb − i)!(2j)!(Nb − 2j)!
. (6)

For conceptual clarity, it is useful to express the Gibbs free energy landscape GFL in

terms of the Gibbs free energy of the macrostate (Nb, Nr) and a topological entropy

term. This relationship is illustrated in Equation 7

GFL(Nb, i, j) = G(i, j) −
ln Ω(Nb, i, j)

β
= G(i, j) − TStop(Nb, i, j), (7)

where the topological entropy is defined in Equation 8.

Stop(Nb, i, j) = kB ln Ω(Nb, i, j) (8)

A discussion of how the enthalpy H and the entropy S are determined is given in

Section 3.4

3.2 Non-Additivity of Entropy in the mDCM

If the mechanical framework (a connected graph) of the beta-hairpin is denoted F ,

then the mDCM calculates the Gibbs free energy of the framework using Equation 9.

G(F) = H(F) − TS(F) (9)

This says the Gibbs free energy of the beta-hairpin equals the enthalpy of that frame-

work minus a term arising on account of the conformational entropy of the framework.

The enthalpy of the framework is considered additive over individual enthalpy con-
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tributions, and it is given in Equation 10,

H(F) =
∑

i

hiNi(F), (10)

where the sum is taken over different types of enthalpy contributions (i.e. hydrogen

bonding, solvent interactions, etc. . . ), hi is the enthalpy contribution of the ith type,

and Ni is the number of enthalpy contributions of type i. The entropy of the framework

would normally (by other models and researchers) be considered additive, and would

be expressed as

S(F) =
∑

i

siNi(F) (over-estimates the entropy) (11)

The mDCM, however, is able to identify the independent constraints, and therefore

more accurately estimate the entropy term as a sum over only the independent con-

straints, as shown in Equation 12

S(F) =
∑

i

siIi(F) (12)

3.3 The Mean Field Approximation

The mDCM does not normally appeal to the mean field approximation, and rigidity

is considered both long-range and local, giving rise to constraint topologies that have

different regions characterized as flexible, critically constrained, and overconstrained.

This is in contrast to using the Maxwell counting approach, which assumes the entire

structure is either rigid, flexible, or critically constrained. Other than a dramatic

mathematical simplification, there is nothing essential about our choice to use the

Maxwell counting approximation. Applying the mean field approximation is our first
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step, and future work will appeal to the full rigidity calculation offered by the mDCM.

3.4 mDCM Model Parameters

To better understand the mDCM model, the full equation for the Gibbs free energy of

a macrostate is given by Equation 13, in terms of three phenemenological parameters,

u, v, and δnat.

G(Nhb, Nnt) = Uihb − uNhb + vNnt − T (Sc(δnat) + Smix). (13)

The quantity Uihb represents an average total intramolecular hydrogen bond energy.

Details on Uihb as well as the mixing entropy term, Smix, and the conformational

entropy function Sc are provided in [8]. The first two fitting parameters u and v

are energy parameters corresponding to hydrogen bonding to solvent and native-like

torsion contacts, respectively. The third parameter, δnat, is a conformational entropy

parameter. This functional form is used in the mDCM for proteins, where different

hydrogen bonds have different energies.

In our model for the beta-hairpin turn we consider all hydrogen bonds as having

the same energy. Therefore, Uihb = ENhb, where E is the energy of a single hydrogen

bond. This first term combines with the second to yield a different form of Equation

13 that is easier to interpret physically.

G(Nhb, Nnt) = ǫNhb + vNnt − T (Sc + Smix) (14)

In this equation, ǫ = E − u represents the difference in energy between intramolecular

hydrogen bonds to that of hydrogen bonds to solvent. The conformational entropy Sc

is of the form given in Equation 11, and Smix is given by Equation 8. Thus, in this
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work we preserve the same form for G as in Equation 13, used to study proteins, but

every term is known analytically, so we can obtain exact results.

In order to determine these parameters, the mDCM computes G on a discretized

mesh of macrostates over different temperatures. It uses these values of G to construct

the partition function Z =
∑

s e
−βG(s), where s runs over all possible macrostates,

and the heat capacity is predicted through the relation CV = (1/kBT
2)(〈E2〉 − 〈E〉2).

This prediction is then compared with experimental data, and the technique of sim-

mulated annealing is used to best determine u, v, and δnat. Once these values have

been determined for a given protein, the mDCM can be used to calculate any other

thermodynamic quantity of interest from the partition function.

4 Results

4.1 Numerical Calculations

The theory outlined in Section 3 was implemented as C code and run on a UNIX

workstation, and the conformational entropy was calculated straightforwardly. The

results of the calculations were then analyzed and plotted using MATLAB, as shown

in Sections 4.2 and 4.3.

It was not necessary to use simmulated annealing to determine the phenemeno-

logical parameters u, v, and δnat, since robust choices for these parameters have been

determined previously through extensive fitting to a large number of proteins simul-

taneously. For the results presented here, the specific values we used were u = −5

kcal/mol, v = −0.7 kcal/mol, and δnat = 2.
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4.2 Free Energy Landscapes

Figures 16 illustrates four snapshots of a simulation run with Nb=32 and 250 ≤ T ≤

449. The Gibbs free energy landscape GFL is plotted over the 2-D constraint space

determined by the number of native-like torsion constraints Nnt and the number of

hydrogen bonds Nhb (recall that Nnt = 2Nb and Nhb = Nr). The region near (0,0)

in constraint space indicates the coil state of the hairpin, with very few constraints.

The opposite corner of constraint space corresponds to the folded state, with many

torsion constraints and hydrogen bonds. At lower temperatures, the free energy is

a minimum in the region with high Nnt and Nhb, indicating a folded state. As the

temperature increases, the free energy minimum shifts toward a state with small Nnt

and Nhb, indicating an unfolded state.
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Figure 16: Free Energy Landscapes at 250 ≤ T ≤ 449 K
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Figure 17 shows the same information as Figure 16, but as macrostate probability

contour maps. The contour maps show the corresponding probability of being found in

a given macrostate based on the Gibbs free energy landscape plots shown in Figure 16.

As the temperature increases from 250 K to 449 K, the most-probable macrostate of

the beta-hairpin turn clearly shifts from a folded macrostate to an unfolded macrostate,

which makes sense physically.

Figure 17: Macrostate Probability Contour Maps for 250 ≤ T ≤ 449 K
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4.3 Heat Capacity

Figure 18 shows the predicted heat capacity curves for a beta-hairpin by number of

backbone residues Nb. There are two plots in this figure; one for even numbered

backbone residues, and one for odd numbered backbone residues. The transition tem-

perature Tm is clearly indicated in each figure, with a sharper peak for Nb large.

Figure 18: Heat Capacity Calculation by Even and Odd Nb

The transition temperature is weakly dependent on Nb, which indicates weak coop-

erativity. The peak heights in Figure 18 are different because the heat capacities were

not normalized by number of residues Nb. This makes sense, since larger structures

(larger Nb) require more heat to unfold, whereas smaller structures require less. When

the data is normalized by Nb, the peak heights are essentially the same but have a

narrower width, again indicating weak cooperativity.

A careful examination of Figure 18 shows that at lower Nb, the peak heat capacity
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tends to be overpredicted for even numbers of backbone residues, whereas the peak

heat capacity is underpredicted for small odd number of backbone residues. To make

this more apparent, Figure 19 shows the transition temperature Tm, corresponding to

the temperature at peak heat capacity, by number of residues split into even and odd

categories. The interesting even vs. odd dichotomy just discussed is obvious on the

left-side of the plot in Figure 19.

Figure 19: Transition Temperature Tm by Number of Backbone Residues Nb
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5 Conclusions

5.1 Summary

In this work, we modeled the beta-hairpin turn as a topological network in constraint

space and calculated an exact partition function under a mean-field approximation

using a minimal distance constraint model (mDCM). The mDCM used non-additivity

of entropy and a Maxwell counting mean-field approximation to determine entropy of

the system, which, when combined with enthalpy, Boltzmann weights, and degeneracy

factors, determined the partition function, from whence we computed the free energy

landscapes and heat capacities. The main conclusions of our work are:

• Unfolding transitions are predicted in the beta-hairpin turn with non-additivity

of entropy using Maxwell counting.

• The unfolding transitions are predicted at physically realistic temperatures using

realistic values of model parameters obtained from proteins.

• Unfolding transitions are not predicted when using additivity of entropy, which

treats all constraints as independent.

• Accounting for non-additivity in conformational entropy is essential in coarse-

grain models that invoke free energy decomposition schemes, as demonstrated here us-

ing the mDCM for the beta-hairpin to coil transition.

5.2 Future Work

Future work includes comparing our heat capacity predictions to experimental curves

or MD simulations and exploring the effects of different model parameters. We will

compare differences in allowing for non-native contacts (as done here) with only allow-

ing native contacts. In addition, we plan to apply exact rigidity theory using recursion
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relations, thus avoiding the mean-field approximation.

A Combinatorial Derivation of Ω(Nb, i, j)

In this appendix we derive the combinatorial expression for the multiplicity Ω stated

in Equation 6. Recall that we have Nb backbone residues in total. Suppose that we

have j crosslinking hydrogen bonds. Each crosslinking hydrogen bond corresponds to

one “ring” on the beta-hairpin, each of which must have two backbone residues (one

for each side of the hydrogen bond). From the binning diagram shown in Figure 20,

it is clear there are 2j + 1 bins, and there are Nb − 2j remaining backbone residues to

place in those bins. The number of ways to place the Nb − 2j indistinguishable objects

m

u

u

m

m

u

u

m

m

u

u

m

m

Figure 20: Binning Diagram for Multiplicity Ω

into the 2j + 1 bins is given by the multichoose function in combinatorics:

((

2j + 1

Nb − 2j

))

=

(

2j + 1 + (Nb − 2j) − 1

Nb − 2j

)

=

(

Nb

Nb − 2j

)

=
Nb!

(2j)!(Nb − 2j)!
. (15)

Now that we’ve placed the free backbone residues into their appropriate bins, it

remains to consider labeling them as native-like or disordered. Since this is a two-state

model, the counting is simply given by the binomial distribution. Since there are 2Nb

torsion constraints (two torsion constraints per backbone residue, corresponding to the

{ϕ,ψ} angle pairs along the primary sequence), the number of ways of choosing i of
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them as being native-like is simply given by

(

2Nb

i

)

=
(2Nb)!

i!(2Nb − i)!
(16)

Finally, since these choices are independent, Equations 15 and 16 multiply to give

Ω(Nb, i, j) =
(2Nb)!(Nb)!

i!(2Nb − i)!(2j)!(Nb − 2j)!
, (17)

which is exactly the same as Equation 6.
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